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In this paper linearly thermoelastic composite media are treated, which consist of a homogeneous matrix
containing a statistically homogeneous random set of heterogeneities. Effective properties (such as com-
pliance, thermal expansion, stored energy) as well as the ﬁrst statistical moments of stresses in the
phases are estimated for the general case of nonhomogeneity of the thermoelastic inclusion properties.
The micromechanical approach is based on the generalization of the ‘‘multiparticle effective ﬁeld’’
method (MEFM, see for references Buryachenko, Appl. Mech. Rev. (2001), 54, 1–47), previously proposed
for the estimation of stress ﬁeld averages in the phases. The method exploits as a background the new
general integral equation proposed by the author before and makes it possible to abandon the use of
the central concept of classical micromechanics such as effective ﬁeld hypothesis as well as their satellite
hypothesis of ‘‘ellipsoidal symmetry’’. The implicit recursion representations of the effective thermoelas-
tic properties and stress concentration factor are expressed through some building blocks described by
numerical solutions for both the one and two inclusions inside the inﬁnite medium subjected to the inho-
mogeneous effective ﬁelds evaluated from subsequent self-consistent estimations. One also estimates the
inhomogeneous statistical moments of local stress ﬁelds which are extremely useful for understanding
the evolution of nonlinear phenomena such as plasticity, creep, and damage. Just at some additional
assumptions (such as an effective ﬁeld hypothesis) the involved tensors can be expressed through the
Green function, Eshelby tensor and external Eshelby tensor. These estimated inhomogeneities of effective
ﬁelds lead to the detection of fundamentally new effects for the local stresses inside the heterogeneities.
 2011 Elsevier Ltd. All rights reserved.1. Introduction
The prediction of the behavior of composite materials in terms
of the mechanical properties of constituents and their microstruc-
ture is a central problem of micromechanics, which is evidently re-
duced to the estimation of stress ﬁelds in the constituents.
Appropriate, but by no means exhaustive, references for the esti-
mation of effective elastic moduli of statistically homogeneous
media are provided by the reviews Willis (1981), Mura (1987),
Nemat-Nasser and Hori (1993), Torquato (2002), and Milton
(2003), Buryachenko (2007a). It appears today that variants of
the effective medium method (Kröner, 1958; Hill, 1965) and the
mean ﬁeld method (Mori and Tanaka, 1973; Benveniste, 1987)
are the most popular and widely used methods. The multiparticle
effective ﬁeld method (MEFM) was also put forward and developed
(see for references Buryachenko, 2001, 2007a). The MEFM is based
on the theory of functions of random variables and Green’s func-ll rights reserved.
University of Cagliari, 09124tions. Within this method one constructs a hierarchy of statistical
moment equations for conditional averages of the stresses in the
inclusions. The hierarchy is then cut by introducing the notion of
an effective ﬁeld. This way the interaction of different inclusions
is taken into account. Thus, the MEFM does not make use of a num-
ber of hypotheses which form the basis of the traditional one-par-
ticle methods. Buryachenko (2007a) demonstrated that the MEFM
includes in particular cases the well-known methods of mechanics
of strongly heterogeneous media (such as the effective medium
and the mean ﬁeld methods). However, a fundamental feature is
that all these indicated methods (effective medium, mean ﬁeld
method, MEFM and others) are based on the same so-called ‘‘effec-
tive ﬁeld hypothesis’’ (EFH) H1, according to which each inclusion
has an ellipsoidal shape and is located in some effective ﬁeld,
which is homogeneous over the considered inclusion. However,
the hypothesis H1 is merely a zero-order approximation of binary
interacting inclusions that results in a signiﬁcant shortcoming of
the MEFM. Exploiting the new proposed background of microme-
chanics instead of the old one allows Buryachenko (2010a), and
Buryachenko and Brun (2011a) to abandon the use of the central
concept of classical micromechanics such as effective ﬁeld
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symmetry’’ (see Khoroshun, 1974, 1978; Willis, 1977). It was dem-
onstrated that a stress inhomogeneity inside inclusionsdue to either
its noncanonical shape ormaterial inhomogeneity of inclusions nec-
essarily leads to the effective ﬁeld inhomogeneity (see for details
Buryachenko and Brun, 2011a; Buryachenko, 2010c, respectively).
Taking into account the binary interaction of inclusions generates
an inhomogeneityof stresses inside inclusions that in turnagainpro-
duces the effective ﬁeld inhomogeneity. The last inhomogeneity of
effective ﬁelds have led to detection in the current paper of funda-
mentallyneweffects of inhomogeneityof statistically averaged local
stresses even inside the spherical homogeneous heterogeneities.
In parallel with the method of analytical micromechanics men-
tioned above, the computational micromechanical modelling and
simulation of random structures are becoming more and more
ambitious due to the advances in modern computer software and
hardware. On one hand, some models have been developed with
the goal to minimize the empirical elements and assumptions.
On the other hand, there are ambitions to attack increasingly large
systems. Such methods, usually referred to as computational
micromechanics, are based on the wide exploration of Monte Carlo
simulation with forthcoming numerical analysis for each random
realization of multiparticle interactions of microinhomogeneities.
However, at the present level of computer hardware and software,
they are practical only for realizations containing no more then a
few thousand inhomogeneities (see for references Buryachenko,
2007a). Because of this, the combination of computational
micromechanics with analytical micromechanics seems to be very
promising. Numerical solutions can be used to construct concen-
tration factors for single and interacting inclusions, which then
can be incorporated into the general schemes of analytical
micromechanics. This approach was realized by Buryachenko
(2007a,b) in the framework of the EFH by the tensorial representa-
tions of the mentioned solutions and generalized in the current pa-
per for the inhomogeneous effective ﬁelds by the use of the
operator forms of the appropriate solutions.
Although the effective behavior of the composite is traditionally
the main focus of micromechanics, it is also essential to supply in-
sight into the statistical description of the local strains and stres-
ses, such as their statistical moments of different order in each
phase and at interphase. Estimation of these local ﬁelds are extre-
mely useful for understanding the evolution of nonlinear phenom-
ena such as plasticity, creep, and damage. Stress ﬂuctuations in the
components of random structure composites represent a measure
of inhomogeneity of stress ﬁelds in the components; numerical
statistical analysis at the inclusion scale level was performed,
e.g., in Babuska et al. (1999). The fundamental role of the statistical
averages of the second moments of stress concentration factors in
nonlinear analysis is explained by the fact that both the yield sur-
face, ﬁber/matrix interface failure criterion and the energy release
rate are the quadratic functions of the local stress distributions. In
so doing, estimation of the effective limiting surfaces separating
the linear and nonlinear behavior domains of the mentioned non-
linear phenomena is of profound importance for the practical
applications and can be done by the methods describing the linear
deformations of composite materials. It should be mentioned that
the estimation of the effective elastic moduli is a linear problem,
with respect to the stress ﬁeld analyzed which is less sensitive to
the local stress distribution than nonlinear micromechanical prob-
lems of elastoplastic deformation, fracture, and fatigue of compos-
ite materials depending, at least, on mean-square stress
ﬂuctuations in the constituents. The fundamental roles of such
inhomogeneities described by the stress ﬂuctuations are discussed
in detail in Ponte Castañeda and Suquet (1998), Lipton (2003),
Buryachenko (2007a) for a wide class of nonlinear problems of
micromechanics such as plasticity, damage, viscosity, or creeping.Several papers have already been written on the problem of
estimation of values of invariants averaged over the volume of
the components, which involve particular assumptions or simpliﬁ-
cations as, for instance, the two-dimensional model by Fu and
Evans (1985), special correlation function by Ortiz and Molinari
(1988). A very prospective idea of a perturbation method proposed
by Bergman (1978) is based on the estimation of the perturbation
of an energetic function due to a variation of the material proper-
ties such as e.g. conductivity and elasticity modulus. This idea was
developed for estimation of stress ﬂuctuations in the case of isot-
ropy of materials constants by Bobeth and Diener (1986, 1987),
Kreher (1990) and isotropy of ﬂuctuations by Kreher and Pompe
(1989). The perturbation method was developed for the exact esti-
mation of all components of the second moment tensor of the pure
elastic (Parton and Buryachenko, 1990) and internal residual stres-
ses (Buryachenko and Kreher, 1995) averaged over the volume of
components. It is found that the second moment of the stress ﬁeld
is constant within the inclusions if a homogeneity of some random
effective stress ﬁelds in the neighborhood of each ellipsoidal inclu-
sion was additionally assumed. Furthermore an expression for the
second moment of the stress tensor in the matrix in the vicinity of
the inclusion is derived and a method for the construction of the
correlation function of the internal stresses in separate inclusions
is developed. The applicability of the proposed methods for esti-
mating second moments of stresses in the matrix is signiﬁcantly
limited, because they require evaluation of the effective properties
of the composite for the general case of matrix anisotropy (even for
the case of actually isotropic matrix). This disadvantage was elim-
inated via the method of integral equations (see for references
Buryachenko, 2007a) allowing the estimations of second moments
of stresses in the components. Considering both binary and triple
interaction of the inclusions, explicit relations for second moments
of stresses were obtained. The inhomogeneity of the second mo-
ment of stresses in coated inclusions was shown. A comparison be-
tween the second invariants of deviator stresses in the matrix
estimated via the perturbation method and that estimated via
the integral equation method was conducted by Buryachenko
(2007a) in Chapter 15. The method proposed was based on the
EFH H1.
The outline of the paper is as follows. In Section 2 we present
the basic relations and deﬁnitions of thermoelasticity of random
structure composites required in the subsequent text. In Sections
3 and 4 we present the numerical solution by the volume integral
equation (VIE) method of the problem for both one and two inclu-
sions in the inﬁnite media, subjected to the inhomogeneous and
homogeneous, respectively, effective ﬁeld. In the limiting case
the iteration VIE method used is a standard iteration method of
the solution of the Fredholm integral equation of the second order
involved which led to an impenetrable barrier to computer costs if
the number of inclusions with near-to-dense packing is large en-
ough. These operator solutions fulﬁll the role of some building
blocks used in the forthcoming calculations. Just at some addi-
tional assumptions they can be expressed through both the Green
function, Eshelby tensor and external Eshelby tensor. By the use of
these building blocks, in Section 5 a generalization of the MEFM is
proposed for the estimation of effective properties (such as compli-
ance, thermal expansion, stored energy) and the ﬁrst statistical
moments of stresses varying along a cross section of inclusions.
No restriction on the homogeneity of the effective ﬁelds (similar
to the hypothesis H1) acting on the individual inclusions are used.
In Section 6 the particular cases of both the tensorial and operator
forms of the required solutions for single and interacting inclusions
are presented. In Section 7 one represents the estimations of the
second moment of stresses averaged over the volumes of constitu-
ents and obtained by the perturbation method. The explicit exact
integral representations for the inhomogeneous second moments
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ities and matrix are obtained. The initial and high orders approxi-
mations for the second moments of both stresses and effective
stresses are presented in Section 8 in the form of the recursive for-
mulae used operator representations of the particular solutions for
both one and two interacting heterogeneities subjected to the
inhomogeneous effective stresses. Finally, in Section 9 we employ
the proposed relations and some related ones for numerical esti-
mations of both the effective elastic moduli and the ﬁrst and sec-
ond statistical moments of local stresses inside the aligned ﬁbers
of an isotropic composite made of the isotropic constituents.
The proposed approach provides a powerful and robust tech-
nique for developing equations of micromechanics starting with
the accurate solutions for a few interacting inclusions in the inﬁ-
nite matrix, while also ensuring their validity at the high volume
concentration of inclusions due to the exploitation of the general-
ized effective ﬁeld conception. The method mentioned is a
straightforward generalization of the approach by Buryachenko
(2007a,b) to the new inhomogeneous effective ﬁeld concept ob-
tained in the framework of the new background of micromechanics
proposed by Buryachenko (2010a). If in some cases this generaliza-
tion is reduced to the replacement of tensor stress concentrator
factors by its operator counterparts then interested readers are re-
ferred to the previous publications by Buryachenko (2007a,b) cited
in the appropriate sections to achieve a deeper understanding of
these topics.
2. Preliminaries
2.1. Basic equations
The paper discusses a certain representative mesodomain w in
an Euclidean space x 2 Rd with dimensionality d (d = 2 and d = 3
for 2-D and 3-D problems, respectively) containing a set X = (vi)
of heterogeneities vi with indicator functions Vi(x)(i = 1,2, . . .)
equals 1 at x 2 vi and 0 otherwise. For the sake of deﬁniteness, in
the 2-D case we will consider a plane-strain problem.1 At ﬁrst no
restrictions are imposed on the elastic symmetry of the phases or
on, for example, geometry of the inclusions. It is assumed that the
inclusions can be grouped into components (phases) v(k) (k = 1,
2, . . . ,N) with identical mechanical and geometrical properties (such
as the shape, size, orientation, and microstructure of inclusions). The
local strain tensor e is related to the displacements u via the linear-
ized strain–displacement equation e ¼ 12 ½r  uþ ðr uÞ>, where 
and (.)> denote tensor product and matrix transposition, respec-
tively. The stress tensor rsatisﬁes the equilibrium equation (no body
forces acting): rr = 0. Stresses and strains are related to each other
via the constitutive equations
rðxÞ ¼ LðxÞeðxÞ þ aðxÞ or eðxÞ ¼MðxÞrðxÞ þ bðxÞ: ð2:1Þ
L(x) and M(x)  L(x)1 are the known phase stiffness and compli-
ance fourth-order tensors, and the common notations for scalar
products have been employed: Le = Lijklekl, LM = LijklMklmn (In most
cases, the correct type of operation can be ﬁgured out from the
structure of the equation. Otherwise, the indicial notations are
used). b(x) and a(x)  L(x)b(x) are second order tensors of local
eigenstrains and eigenstresses, respectively, (frequently called
transformation ﬁelds) which may arise by thermal expansion, phase
transformation, twinning and other changes of shape or volume of
the material. In particular, for isotropic constituents the local stiff-
ness tensor L(x) is given in terms of the local bulk modulus k(x)
and the local shear modulus l(x), and the local eigenstrain b(x) is1 It should be mentioned that for 2-D problems the plane-strain state is only
possible for material symmetry no lower than orthotropic (see e.g. Lekhnitskii, 1963)
that will be assumed hereafter in the 2-D case.given in terms of the bulk component b0(x) by the relations:
L(x) = (dk(x),2l(x))  dk(x)N1 + 2l(x)N2, and b(x) = b0(x)d, respec-
tively, where N1 = d  d/d, N2 = I  N1, and d and I are the unite sec-
ond-order and fourth-order tensors, respectively.
All tensors f(f = L,M,a,b) of material properties are decomposed
as f  f(0) + f1(x). f is assumed to be constant in the matrix
v(0) =wnv (f(x)  f(0),x 2 v(0)) and is an inhomogeneous function
inside the inclusions x 2 v ðkÞ : f ¼ fð0Þ þ fðkÞ1 ðxÞ. Here and in the fol-
lowing the upper index (k) numbers the components and the lower
index i numbers the individual inclusions; v  [v ðkÞ  [v i;
VðxÞ ¼PV ðkÞ ¼PViðxÞ, and V(k)(x) is a indicator function of v(k)
(k = 1, 2, . . . ,N; i = 1,2, . . .).
We assume that the phases are perfectly bonded, so that the
displacements and the traction components of the stresses are con-
tinuous across the interphase boundaries. For the mesodomain w
we take either uniform displacement or traction boundary
conditions
uðxÞ ¼ e0x; or rðxÞnðxÞ ¼ r0nðxÞ ¼ tðxÞ; ð2:2Þ
respectively, where t(x) is the traction vector at the external bound-
ary @w, n is its unit outward normal, and e0 and r0 are the meso-
scopic strain and stress tensors, i.e. the given constant symmetric
tensors.
2.2. Statistical description of the composite microstructure
It is assumed that the representative macrodomainw contains a
statistically large number of realizations a of ellipsoidal inclusions
vi 2 v(k) with the semiaxes ali of the constituent v(k) (i = 1,2, . . . ;
k = 1,2, . . .,N; l = 1, . . . ,d). A random parameter a belongs to a
sample space A, over which a probability density p(a) is deﬁned
(see, e.g., Willis, 1981). For any given a, any random function
g(x,a) (e.g., g = V,V(k),r,e) is deﬁned explicitly as one particular
member, with label a, of an ensemble realization. Then, the mean,
or ensemble average is deﬁned by the angle brackets enclosing the
quantity g
hgiðxÞ ¼
Z
A
gðx;aÞpðaÞda: ð2:3Þ
No confusion will arise below in notation of the random quantity
g(x,a) if the label a is removed. One treats two material length
scales (see, e.g., Torquato, 2002): the macroscopic scale L, character-
izing the extent of w, and the microscopic scale a, related with the
heterogeneities vi. Moreover, one supposes that applied ﬁeld varies
on a characteristic length scaleK. The limit of our interests for both
the material scales and ﬁeld one is
L K a: ð2:4Þ
All the random quantities under discussion are statistically homo-
geneous and, hence, the ensemble averaging could be replaced by
volume averaging
hð:Þi ¼ w1
Z
w
ð:Þdx; hð:ÞiðkÞ ¼ ½v ðkÞ1
Z
vk
ð:Þdx; ð2:5Þ
where k = 1,2, . . . ,N. The bar appearing above the region (e.g. v)
represents its volume or area for d = 3 or d = 2, respectively. The
average over component v(k) agrees with the ensemble average over
an individual inclusion vi 2 v(k)(i = 1,2, . . .): h(.)ii = h(.)i(k); the nota-
tion h(.)ii(x) at the micro-coordinate x 2 vi 2 vk means the condi-
tional average (at the ﬁxed vi) over an ensemble realization of
surrounding inclusions (but not over the volume vi of a particular
inclusion, in contrast to h(.)i(i), h(.)ii = h h(.)i(i)i).
For the description of the random conﬁguration of a composite
material let us introduce a conditional probability density u(vi,x-
ijv1,x1, . . . ,vn,xn), which is a probability density to ﬁnd the ith
inclusion vi with the center xi with ﬁxed inclusions v1, . . . ,vn with
1668 V.A. Buryachenko / International Journal of Solids and Structures 48 (2011) 1665–1687the centers x1, . . . ,xn. The conﬁguration (vi,xi) is completely de-
scribed by a detailed marked density function u (vi,x-
ijv1,x1, . . . ,vn,xn) of the centers of an inclusion with mark vi
(which can contain information about the inclusions such as the
shape, size, orientation, and material properties) being placed at
xi (see for details Subsection 5.3.1 in Buryachenko, 2007a). The
notation u(vi,xij;v1,x1, . . . ,vn,xn) denotes the case xi– x1, . . . ,xn.
Of course, u(vi,xij;v1,x1, . . . ,vn,xn) = 0 for values of xi lying inside
the ‘‘excluded volumes’’ [v0mi (since inclusions cannot overlap,
m = 1, . . . ,n), where v0mi  vm with indicator function V0mi is the ‘‘ex-
cluded volumes’’ of xi with respect to vm (it is usually assumed that
v0mi  v0m), and u(vi,xij;v1,x1, . . . ,vn,xn)? u(vi,xi) as jxi  xmj?1,
m = 1, . . . ,n. The last popular assumption means that a composite
possesses no long-range order (see, e.g., Willis, 1981) that was
experimentally conformed by X-ray computed tomography (Aste
et al., 2005). It is assumed that v0mi are the ellipsoids with the semi-
axes a0lmiðl ¼ 1; . . . ; d; i;m ¼ 1;2 . . .Þ, and v0mi ¼ v0m. u(vi,x) is a num-
ber density n(k) of component v(k)3vi and c(k) is the concentration,
i.e. volume fraction, of the component v ðkÞ : cðkÞ ¼ hV ðkÞi ¼ v inðkÞ
ðk ¼ 1;2; . . . ;N; i ¼ 1;2; . . .Þ; cð0Þ ¼ 1 hVi. Only if the pair dis-
tribution function g(xi  xm)  u(vi,xij;vm,xm)/n(k) depends on
jxm  xij it is called the radial distribution function (RDF). The nota-
tions h(.)i(x) and h(.)j v1,x1; . . . ;vn,xni(x) will be used for the aver-
age and for the conditional average taken for the ensemble of a
statistically homogeneous ﬁeld X = (vi) at the point x, on the condi-
tion that there are inclusions at the points x1, . . . ,xn and xi– xj if
i– j (i, j = 1, . . . ,n). Similarly, V(xjv1,x1; . . . ;vn,xn) is a random indi-
cator function of inclusions x 2 v under the condition that xi– xj
if i– j (i, j = 1, . . . ,n). The notations h(.)j;v1,x1; . . . ;vn,xni(x) and
V(xj;v1,x1; . . . ;vn,xn) are used for the case x R v1, . . . ,vn.
We will use two sorts of conditional averages of some tensor g
(e.g., g = e,r). At ﬁrst, the conditional statistical average in the
inclusion phase hg i(q)(x)  hg Vi(q)(x) (at the condition that the
point x is located in the inclusion phase x 2 v(q), q = 1, . . . ,N) can
be found as hg Vi(q)(x) = hV(q)(x)i1hg V(q)i(x). Usually, it is simpler
to estimate the second conditional averages of these tensors in
the concrete point x of the ﬁxed inclusion x 2 vq:
hgjvq,xqi(x)  hgiq(x). It should be mentioned that the popular
equality of the mentioned averages
hgiðqÞ ¼ hgiq ð2:6Þ
is only fulﬁlled for statistically homogeneous media subjected to
the homogeneous boundary conditions. However, although in a
general case
hgViðxÞ 
XN
q¼1
cðqÞhgiðqÞðxÞ–
XN
q¼1
cðqÞhgjvq;xqiðxÞ; ð2:7Þ
where vq 2 v(q), it can be easy to establish a straightforward relation
between these averages for the aligned identical inclusions vq. In-
deed, at ﬁrst we built some auxiliary set v1qðxÞ with the boundary
@v1qðxÞ formed by the centers of translated ellipsoids vq(0) around
the ﬁxed point x. We construct v1qðxÞ as a limit v0kq ! v1qðxÞ if a ﬁxed
ellipsoid vk is shrinking to the point x. Then we can get a relation
between the mentioned averages [x = (x1, . . . ,xd)>]:
cðqÞhgiðqÞðxÞ ¼
Z
v1q ðxÞ
nðqÞðyÞhgjvq; yiðxÞdy: ð2:8Þ
It should be mentioned that for statistically homogeneous ﬁelds
hgi(q)(x)  hgi(q) = const. and v1qðxÞ  v1q = const.; while in general
hgiq(x)X const. at the micro-coordinate x 2 vq. Because of this, no
confusion will arise below in notations of the average hgi(q) and con-
ditional average hgiq(x) (at the ﬁxed inclusion vq) which are the
functions of macro-coordinate (with ‘‘resolution’’ equal to K) andmicro-coordinate x 2 vq (used in the case of ﬁxed inclusion vq),
respectively. Formula (2.8) is valid for any material inhomogeneity
of inclusions of any concentration in the macrodomain w of any
shape (if v1qðxÞ  w). Obviously, the general Eq. (2.8) is reduced to
Eq. (2.6) for both the statistically homogeneous media subjected
to homogeneous boundary conditions and statistically homoge-
neous ﬁelds g (e.g., g = r,e). However, in a general case
g(vq,y)(x)  f(x,y)g1(vq,y) [g1(vq,y) is a statistically homogeneous
ﬁeld and f(x,y) is a continuous function of x, y], Eq. (2.8) is not re-
duce to Eq. (2.6).2.3. General integral equations
There are known the symmetrized integral equations for the
stresses
rðxÞ ¼ hri þ
Z
fCðx yÞgðyÞ  hCðx yÞgiðyÞgdy; ð2:9Þ
rðxÞ ¼ hri þ
Z
Cðx yÞfgðyÞ  hgigdy; ð2:10Þ
where the tensor g(y) =M1(y)r(y) + b1(y) is called the strain polar-
ization tensor and is simply a notational convenience. Buryachenko
(2007a, 2010a) proved that for no long-range order assumed, and for
x 2 w considered in Eqs. (2.9) and (2.10) and removed far enough
from the boundaryC (a	 jx  yj,"y 2 C), the right-hand side abso-
lutely convergent integrals in (2.9) and (2.10) do not depend on the
shape and size of the domain w, and they can be replaced by the
integrals over the whole space Rd. With this assumption we hereaf-
ter omit explicitly denoting Rd as the integration domain in the
equations. The new exact Eq. (2.9) forming a new background of
micromechanics yields the known approximate one (2.10) only at
some additional assumptions (see for details Buryachenko,
2010a,). The integral operator kernels C (2.9), (2.10) is the even
homogeneous generalized functions of the order d:
C(x  y) = L(0)[Id(x  y) + U(x  y)L(0)], deﬁned by the second
derivative of the Green tensor G: Uijkl(x) = [rjrlGik(x)](ij)(kl), where
the notation indicates symmetrization on (ij) and (kl), and G is
the inﬁnite-homogeneous-body Green’s function of the Navier
equation with an elastic modulus tensor L(0): rfLð0Þ½r  GðxÞþ
ðr  GðxÞÞ>=2g ¼ ddðxÞ, of order OðR jxj1ddjxjÞ as jxj?1, d(x)
is the Dirac delta function.
Let the inclusions v1, . . . ,vn be ﬁxed and we deﬁne two sorts of
effective ﬁelds riðxÞ and ~r1;...;nðxÞði ¼ 1; . . . ;n;x 2 v1; . . . ;vnÞ by
the use of the rearrangement of Eq. (2.9) in the following form
(see for the earliest references of related manipulations Bury-
achenko, 2007a):
rðxÞ ¼ riðxÞ þ
Z
Cðx yÞViðyÞgðyÞdy;
riðxÞ ¼ ~r1;...;nðxÞ þ
X
j–i
Z
Cðx yÞVjðyÞgðyÞdy;
~r1;...;nðxÞ ¼ hriðxÞ þ
Z
fCðx yÞgðyÞVðyj;v1;x1; . . . ;vn;xnÞ  hCðx yÞgiðyÞgdy;
ð2:11Þ
for x 2 vi, i = 1,2, . . . ,n. Then, considering some conditional statisti-
cal averages of the general integral Eq. (2.9) leads to an inﬁnite sys-
tem of integral equations (n = 1,2, . . .)
hrjv1;x1; . . . ;vn;xniðxÞ
Xn
i¼1
Z
CðxyÞhViðyÞgjv1;x1; . . . ;vn;xniðyÞdy
¼hriðxÞþ
Z
fCðxyÞhgj;v1;x1; . . . ;vn;xniðyÞhCðxyÞgiðyÞgdy;
ð2:12Þ
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tensor
hgjv1;x1; . . . ;vn;xniðxÞ 
Xn
i¼1
M1ðxÞ
Z
Cðx yÞ

 hViðyÞgjv1;x1; . . . ;vn; xniðyÞdy
¼ hgiðxÞ þM1ðxÞ
Z
fCðx yÞhgj;v1;x1; . . . ; vn;xniðyÞ
 hCðx yÞgiðyÞgdy: ð2:13Þ
Since x 2 v1, . . . ,vn in the nth line of the systems (2.12) and (2.13)
can take the values in the inclusions v1, . . . ,vn, the nth line actually
contains n equations. Eqs. (2.11)–(2.13) are reduced to the corre-
sponding equations obtained by Buryachenko (2007a) at the base
of Eq. (2.10) [instead of Eq. (2.9)].
The deﬁnitions of the effective ﬁelds riðxÞ; ~r1;2;...;nðxÞ as well as
their statistical averages hriiðxÞ; h~r1;2;...;niðxÞ are nothing more than
notation convenience for different terms of the inﬁnite systems
(2.11) and (2.12), respectively. The physical meaning of these ﬁelds
is the following (graphic illustrations are presented in Fig. 8. 1 in
Buryachenko, 2007a). ~r1;2;...;nðxÞ is a stress ﬁeld in which the chosen
ﬁxed inclusions v1, . . . ,vn are embedded. This effective ﬁeld is a ran-
dom function of all the other positions of the surrounding inhomo-
geneities, and the average h~r1;...;niðxÞ of ~r1;...;nðxÞ over a random
realization of these inclusions is equal to the right-hand side of
the nth line of the system (2.12). Consequently, each inclusion
vi(i = 1, . . . ,n) of the chosen ﬁxed set is in a random (generally
speaking nonhomogeneous) ﬁeld riðxÞ; ðx 2 v i; i– j; i; j ¼
1;2; . . . ; nÞ (2.112) which is the superposition of the effective ﬁeld
~r1;...;nðxÞ and the distribution caused by the other inclusions vj,
(j– i, j = 1, . . . ,n) of the considered set.
Both the effective compliance M⁄ and the effective eigenstrains
b⁄ governed the overall constitutive relation (see e.g. Christensen,
1979; Kreher and Pompe, 1989) h ei =M⁄hri + b⁄ are deﬁned by
general relations
M ¼ hMBi; b ¼ hB>bi; ð2:14Þ
where B⁄ = B⁄(x) is a local stress concentration tensor obtained un-
der pure mechanical loading r(x) = B⁄(x)hri for b(x)  0. Con-
versely, the estimation of the residual stresses (for hri  0) can be
used for the calculation of the stored energy U⁄ in the transformed
stress ﬁeld as well as of the effective eigenstrains b⁄
U ¼ 1
2
hbri; b ¼ hbþ gi: ð2:15Þ3. One inclusion
3.1. A single inclusion subjected to inhomogeneous effective stress
At ﬁrst we rewrite Eq. (2.111) in symbolic form assuming that
the effective stress ﬁeld rðxÞðx 2 v i; i ¼ 1; . . . ;nÞ is known (see for
details Chapter 4 in Buryachenko, 2007a):
g ¼ gi þKig; ð3:1Þ
where ðKigÞðxÞ ¼
R
Kiðx; yÞViðyÞgðyÞdy deﬁnes the integral operator
Ki with the kernel formally represented as Kiðx; yÞ ¼ Kiðx; yÞ
dðx yÞ R ViðzÞKiðx; zÞdz. Here giðxÞ ¼ EiðxÞrðxÞþ HiðxÞ; ðx 2 v i) is
called the effective strain polarization tensor in the inclusion vi,
and (no sum on i): Kiðx; yÞ ¼ EiðxÞCðx yÞ;EiðxÞ ¼M1ðxÞ½Iþ Q 0i
M1ðxÞ1;HiðxÞ ¼ IþM1ðxÞ½ Q 0i 1 b1ðxÞ. Hereafter
f i  hfðyÞii ¼ v1i
Z
fðyÞViðyÞdy;
f0i  hfðyÞi0i ¼ v0i
 1 Z
fðyÞV0i ðyÞdy ð3:2Þdenotes averaging of some tensor f(y) over the volume of the re-
gions y 2 v i  v0i and y 2 v0i , respectively. The difﬁculties with the
troublesome singularities in Eq. (2.111) is avoided by rearrange-
ment of Eq. (2.111) in the spirit of a subtraction technique when
the integral Q 0i ðxÞ ¼ v0i hCðx yÞi0i x 2 v i  v0i ; y 2 v0i
 
is easily
computable for some enveloping domain v0i  v i. We do not as-
sume in Section 3 that the mentioned domain v0i is related with
the excluded volume deﬁned in Section 2.2. For ellipsoidal domain
v0i  v i, Q 0i ðxÞ ¼ Q 0i  const. is associated with the well-known
Eshelby (1957) tensor by S0i ¼ IMð0ÞQ 0i .
We formally write the solution of Eq. (3.1) as
g ¼ Ligi; ð3:3Þ
where the inverse linear operator Li ¼ ðIKiÞ1 will be con-
structed by the iteration method based on the recursion formula
g½kþ1 ¼ gi þKig½k ð3:4Þ
to construct a sequence of functions {g[k]} that can be treated as an
approximation of the solution of Eq. (3.1). We presented point
Jacobi (called also Richardson and point total-step) iterative scheme
for ease of calculations. The other iteration methods used for the
solution of Eq. (3.1) are considered by Varga (2000). Usually the
driving term of this equation is used as an initial approximation:
g½0ðxÞ ¼ giðxÞ, which is exact for a homogeneous ellipsoidal inclu-
sion subjected to remote homogeneous stress ﬁeld r0(x)  hri =
const. The sequence {g[k]} (3.4) with arbitrary continuous g[0](x)
converges to a unique solution g if the norm of the integral operator
Ki turns out to be small ‘‘enough’’ (less than 1), and the problem is
reduced to computation of the integrals involved, the density of
which is given. In effect the iteration method (3.4) transforms the
integral equation problem (3.4) into the linear algebra problem in
any case.
The solution (3.3) obtained inside the region vi for strain polar-
ization tensor g(x) (x 2 vi) can be rewritten in terms of the stress
and effective stress inside the inclusion vi
rðxÞ ¼ BiðrÞðxÞ þ CiðxÞ; v igðxÞ ¼RiðrÞðxÞ þ FiðxÞ; x 2 v i;
ð3:5Þ
where the linear operators Bi and Ri and the tensors Ci(x) and
Fi(x) have the explicit representations (if M1(x)– 0, with no
sum on i):
RiðrÞðxÞ ¼ v iLiðEirÞðxÞ; BiðrÞðxÞ ¼M11 ðxÞLiðEirÞðxÞ; ð3:6Þ
FiðxÞ ¼ v iðLiHiÞðxÞ; CiðxÞ ¼M11 ðxÞ½ðLiHiÞðxÞ  b1ðxÞ: ð3:7Þ
The solution (3.51) obtained inside the region vi can be extended on
the whole space x 2 Rd by the use of the deﬁnition
rðxÞ ¼ rðxÞ þBiðrÞðxÞ þ CiðxÞ;x 2 Rd n v i; ð3:8Þ
where BiðrÞðxÞ ¼ v1i
R R
Cðx yÞRiðy; zÞrðzÞViðyÞViðzÞdydz;CiðxÞ ¼
v1i
R
Cðx yÞFiðyÞViðyÞdy, describes the perturbations introduced
by the heterogeneity vi into the point x R v i;Riðy; zÞ is a kernel of
the operator RiðrÞðxÞ ¼
R
Riðx; zÞrðzÞViðzÞdz.
3.2. A single inclusion subjected to homogeneous effective stress
For the homogeneous external loading rðxÞ ¼ r ¼ const: the
integral operator Ri and Bi (3.6) are reduced to the tensors
(x 2 vi)
Ri  RiðxÞ ¼ v iðLiEiÞðxÞ; Bi  BiðxÞ ¼ v1i M11 ðxÞRiðxÞ ð3:9Þ
Averaging of Eq. (2.111) over the ellipsoidal domain v0i (being as-
sumed hereafter) and an exploitation of the Eshelby (1957) theorem
yields the algebraic equations
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Q 0i hgii;
v ihgii ¼ v0i Q 0i
 1
I B0i
h i
r v0i Q 0i
 1
C0i ; ð3:10Þ
leading to the relations between the averaged tensors (3.7) and
(3.9) (no sum on i)
Ri ¼ v i Q 0i
 1
I B0i
 
; Fi ¼ v i Q 0i
 1
C0i ; ð3:11Þ
where the operation of averaging (3.2) over the volumes of the
inclusion vi and over the imaginary ellipsoid v0i were applied to
the tensors Bi(x), Ci(x), Ri(x), Fi(x); in so doing
gi ¼ v0i v1i g0i ðgiðxÞ ¼ RiðxÞ; FiðxÞÞ because MðiÞ1 ðxÞ  0 as x 2 v0i n v i.
In the case of nonellipsoidal v0i , the tensor Q
0
i ðxÞ– const. and
Eq. (3.10) should be recast ðb1  0Þ : hri0i ¼ r v0i
 1 R Q 0i ðxÞgðxÞ
ViðxÞdx; hQ 0i gii ¼ v0i ðv iÞ1 I B0i
h i
r. In the general case the estima-
tion of the tensors Bi(x), Ci(x), Ri(x), Fi(x), and Q
0
i ðxÞ are the partic-
ular problems of the transformation ﬁeld analysis method by
Dvorak and Benveniste (1992) which can be realized by different
numerical methods, for example by ﬁnite element analysis (FEA),
boundary integral equation (BIE) method, and VIE method (see
for references Chapter 4 in Buryachenko, 2007a).
For the homogeneous ellipsoidal domain v i ¼ v0i with the prop-
erties M1ðxÞ ¼MðiÞ1 = const., b1ðxÞ ¼ bðiÞ1 = const. (x 2 vi), all tensors
(3.7) and (3.9) are constant and represented through the Eshelby
(1957) tensor Si ¼ S0i (see, e.g., Buryachenko, 2007a), while the
operator Li is an identity operator Li  I.4. Two inclusions
Let us assume that two inclusions vi and vj are placed in an inﬁ-
nite homogeneous matrix subjected to the inhomogeneous stress
ﬁeld ~ri;jðxÞðx 2 RdÞ. For x 2 vi, Eqs. (2.111) and (2.112) can be recast
in the form
gðxÞ ¼ giðxÞ þ
Z
Kiðx; yÞViðyÞgðyÞdy;
giðxÞ ¼ ~gi;jðxÞ þ
Z
Kjðx; yÞVjðyÞgðyÞdy; ð4:1Þ
where ~gi;jðxÞ ¼ EiðxÞ~ri;jðxÞ þHiðxÞ; ðx 2 v iÞ is another sort of effec-
tive strain polarization tensor introduced analogously to the tensor
g (3.4).
Let the integral operator Li (3.3) expressing the strain polariza-
tion tensor inside the inclusion g(x) though the effective strain
polarization tensor gðxÞ be known. The solution Li (3.3) of the sin-
gular volume integral Eq. (3.1) can be found by the direct quadra-
ture method (called also the Nystron method), by the iteration
method as well as by the Fourier transform method (see e.g. Bury-
achenko, 2007a where additional references can be found). It
should be mentioned that each of the mentioned methods has a
series of advantages and disadvantages, and it is crucial for the
analyst to be aware of their range of application. However, the
knowledge of the operator Li at the current stage is not necessary
and the assumption of the existence of such an operator is enough.
At ﬁrst no restrictions are imposed on the method of estimation of
the operator Li: On the effective stress tensor ~ri;jðxÞ, according to
Eq. (3.52), the linear operator Li acts as
v iLi~gðxÞ ¼Rið~ri;jÞðxÞ þ FiðxÞ; ðx 2 v iÞ: ð4:2Þ
Acting on Eq. (4.12) by the operator Li and taking Eq. (4.2) into ac-
count transforms Eq. (4.12) into the following (x 2 vi)
v iLi
Z
Kðy; zÞgðzÞVjðzÞdz ¼ v igðxÞ Rið~ri;jÞðxÞ  FiðxÞ
Ri;jð~ri;jÞðxÞ þ Fi;jðxÞ; ð4:3Þwhere the introduced operator Ri;j and the tensor Fi,j(x) can be
found by any numerical method (e.g., such as BIE and FEA, complex
potential method and others) analogously to the scheme described
in Section 9. It should be mentioned that the operators Ri and Ri;j
(4.5) act on the effective ﬁelds ~ri;jðxÞ at x 2 vi and x 2 vi,vj, respec-
tively, and the kernel of the operator Ri;j can be decomposed
(K = I,J):
Ri;jðx; yÞ ¼RIi;jðx; yÞ þRJi;jðx; yÞ;
RKi;jðx; yÞ ¼Ri;jðx; yÞVkðyÞ; ð4:4Þ
where one follows Mura’s (1987) tensorial indicia notation; i.e., re-
peated lowercase indices are summed up from 1 to d, while upper-
case indices always take on the same numbers as the corresponding
lowercase ones but are not summed up.
The stresses inside the heterogeneity vi can be estimated from
the second Eq. (4.3)
rðxÞ Bið~ri;jÞðxÞ  CiðxÞ ¼ Bi;jð~ri;jÞðxÞ þ Ci;jðxÞ ð4:5Þ
where
Bi;jð~ri;jÞðxÞ  v1i M11 ðxÞRi;jð~ri;jÞðxÞ;
Ci;jðxÞ  v1i M11 ðxÞFi;jðxÞ ð4:6Þ
are deﬁned on the domain x 2 vi.
Let us replace the inhomogeneity vj by the ﬁctitious inclusion
with the matrix elastic properties and the ﬁctitious eigenstrain
LðyÞ  Lð0Þ; v jbfict1 ðyÞ ¼Rjð~ri;jÞðyÞ þ FjðyÞ; ðy 2 v jÞ ð4:7Þ
so that the constitutive equation in the inclusion vj is
rðyÞ ¼ Lð0ÞeðyÞ þ bfict1 ðyÞ. Then the strain polarization tensor
gðyÞ ¼ bfict1 ðyÞ (y 2 vj) can be assumed to be known and Eq. (4.3)
can be reduced to
v iLi
Z
Kjðy; zÞbfict1 ðzÞVjðzÞdz ¼ v igðxÞ Rið~ri;jÞðxÞ  FiðxÞ
R1i;j ð~ri;jÞðxÞ þ F1i;j ðxÞ; ð4:8Þ
deﬁning the new concentrator factors R1i;j ðxÞ and F1i;j ðxÞðx 2 v iÞ
which can be estimated analogously to the tensorsRi;jðxÞ and Fi,j(x)
(x 2 vi) (4.2).
Thus, the tensorsRiðx; yÞ and Fi(x) (x,y 2 vi) describe the strain
polarization tensor gi(x) into the isolated inclusion vi in the inﬁnite
matrix subjected to the loading ~riðxÞðx 2 v iÞ. In so doing, the ten-
sors Ri;jð~rÞðxÞ and Fi,j(x) (x 2 vi) deﬁne the perturbation of the
strain polarization tensor gi(x) introduced by the placement of
the inclusion vj interacting with the inclusion vi. The tensors
R1i;j ð~rÞðxÞ and F1i;j ðxÞ describe another perturbation of the strain
polarization tensor gi(x) at x 2 vi produced by the inclusion vj inter-
acting just with the external loading ~rjðyÞðy 2 v jÞ but not with the
inclusion vi. In so doing, the tensors R1i;j ð~rÞðxÞ and F1i;j ðxÞ are de-
ﬁned on the whole space x 2 Rd whileRi;jð~rÞðxÞ and Fi,j are deﬁned
only on x 2 Rdnvj. Comparison of Eq. (4.8) deﬁning the tensors
R1i;j ð~rÞðxÞ and F1i;j ðxÞwith the iteration scheme (4.5) leads to a con-
clusion that the tensorsR1i;j ð~rÞðxÞ and F1i;j ðxÞ present the ﬁrst-order
approximation of the solution (4.31) by the iteration method (3.4),
and are, in fact, the ﬁrst-order approximation of the tensors
Ri;jð~rÞðxÞ and Fi,j(x), respectively, describing the solution of Eq.
(4.32).
In a similar manner we can deﬁne T ri;jðx; yÞ;Tbi;jðxÞ and
T r1j ðx; yÞ;Tb1j ðxÞ describing the perturbation of the effective ﬁeld
riðxÞ  ~ri;jðxÞ introduced by the heterogeneity vj and ﬁctitious
inclusion with the elastic modulus L(0) and eigenstrain
bfict1 ðyÞðy 2 v j;x 2 v i; z 2 RdÞ (4.7)
riðxÞ  ~ri;jðxÞ ¼ T ri;jð~ri;jÞðxÞ þ Tbi;jðxÞ; ð4:9Þ
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where the operators T ri;j and T
r1
j are reduced to the tensors
Tri;jðxÞ ¼ hT ri;jðx; yÞiðjÞ and Tr1j ðzÞ ¼ hT r1j ðz; yÞiðjÞ (y 2 vj,x 2 vi,z 2 Rd),
respectively, on the constant ~ri;jðyÞ ¼ const. For ascertaining the
connections betweenRi;jðxÞ; Fi;jðxÞ and T ri;jðxÞ; Tbi;jðxÞ, respectively,
we recast Eq. (4.9) in terms of the strain polarization tensor
giðxÞ ¼ ~gi;j þ EiðxÞT ri;jð~ri;jÞðxÞ þ EiðxÞT bi;jðxÞ: ð4:11Þ
Acting with the operator Li on Eq. (4.10) and comparison of the ob-
tained equation with Eq. (4.5) yields the following relationships
(x 2 vi)
Ri;j ¼ LiEiT ri;j; Fi;jðxÞ ¼ LiEiTbi;j
 
ðxÞ: ð4:12Þ5. Composite material
5.1. General representations
Fixing the inclusion vi in the composite material produces the
random effective ﬁeld riðxÞ (2.112,3) which can be recast also in
the terms of strain polarization tensors (x 2 vi)
gðxÞ ¼ g1i ðxÞ þ
Z
½Kiðx; yÞgðyÞVðyj;v i;xiÞ  hKiðx; yÞgidy; ð5:1Þ
where g1i ðxÞ  EiðxÞhri þHiðxÞ is the external strain polarization
tensor generated by the homogeneous loading r0  hri (2.22).
Acting with the operator Li on Eq. (5.1) and taking Eq. (4.2) into
account, we obtain
v igðxÞ ¼ RiðxÞhri þ FiðxÞ þLi
Z
½Kiðz; yÞgðyÞVðyj;v i; xiÞ
 hKiðz; yÞgidy: ð5:2Þ
Conditional averaging of Eq. (5.2) with ﬁxed inclusion vi and exploi-
tation of the solutions (3.52), (4.5) and (4.8) in the framework of just
binary interacting heterogeneities allows one to reduce Eq. (5.2) to
the following:
RiðhriiÞðxÞ ¼ RiðxÞhri þ
Z
½Ri;jðh~ri;jiÞðxÞ þ Fi;jðxÞuðv j; xjj;v i; xiÞ

½R1i;j ðhrjiÞðxÞ þ F1i;j ðxÞnðjÞ
o
dxj: ð5:3Þ
No confusion will arise hereafter in deﬁnition of the operator
D Ri;j;R
1
i;j ;T i;j;T
1
i;j
 
with the kernel Dðx; yÞ on the inhomoge-
neous functions g(y) (e.g., gðyÞ ¼ h~ri;jiðyÞ; hrjiðyÞ; y 2 Vk;Vk ¼
Vi;Vj;Vi þ Vj)
DðgÞðxÞ ¼
Z
Dðx; yÞgðyÞVkðyÞdy: ð5:4Þ
The operator D is reduced to the tensor D(x) on the constant func-
tions g(y) = g  const. (y 2 Vk)
DðgÞðxÞ ¼ DðxÞg; DðxÞ ¼
Z
Dðx; yÞVkðyÞdy: ð5:5Þ
No restrictions are imposed on the microtopology of the micro-
structure and the shape of inclusions as well as on the inhomogene-
ity of stress ﬁeld inside the inclusions. However, the main
computational advantage of the proposed Eq. (5.3) lies in the fact
that such fundamental notions of micromechanics as the Green
function is not exploited, and we can analyze any anisotropy of con-
stituents (including the matrix) as well as any shape and any com-
posite structure of inclusions. We constructed Eq. (5.3) by the use of
some building blocks described by the numerical solutions for both
one and two inclusions inside the inﬁnite medium subjected to the
homogeneous loading at inﬁnity. Just at some additional assump-tions, the tensors mentioned above can be expressed through the
Green function, Eshelby tensor and external Eshelby tensor. The
Eq. (5.3) is exact and involves two sorts of statistically averaged
effective ﬁelds hriiðxÞ and h~ri;jiðxÞwhich can be found from the inﬁ-
nite hierarchy of equations analogous to the system (2.12). These
truncated hierarchies of equations will be limited by Eq. (5.3) by
the use of the closing assumption considered in the next subsection.
5.2. Closing assumptions
For the closing of Eq. (5.3) we will use the following hypothesis:
(H2a). Each pair of inclusions vj and vj is subjected to the
inhomogeneous ﬁeld ~ri;jðxÞ, and statistical average h~ri;jiðxÞ is deﬁned
by the formulae
h~ri;jiðxÞ ¼ hrkiðxÞ ð5:6Þ
at x 2 vk, k = i, j.
The reﬁned version of the closing assumption (5.6) of the MEFM
proposed by Buryachenko (2007b) takes into account both the
three-point correlation functions and dependence of the effective
ﬁelds acting on each pair of heterogeneities vi and vj on the dis-
tance jxi  xjj.
The adoption of hypothesis H2a makes it possible to reduce Eq.
(5.3) to the operator one
RiðhriiÞðxÞ ¼ RiðxÞhri þ
Z
½RIi;jðhriiÞðxÞ þRJi;jðhrjiÞðxÞ þ Fi;jðxÞ
n

uðv j; xjj;v i; xiÞ  ½R1i;j ðhrjiÞðxÞ þ F1i;j ðxÞnðjÞ
o
dxj:
ð5:7Þ
which can be solved by the iteration method based on the recursion
formula
Riðhr½nþ1i iÞðxÞ ¼ RiðxÞhri þ
Z
½RIi;jðhr½ni iÞðxÞ þRJi;jðhr½nj iÞðxÞ þ Fi;jðxÞ
n

uðv j; xjj;v i; xiÞ  ½R1i;j ðhr½nj iÞðxÞ þ F1i;j ðxÞnðjÞ
o
dxj:
ð5:8Þ
with an initial approximation considered in Section 5.3. However,
we will use a more convenient for numerical realization a modiﬁed
iteration scheme obtained on the base of perturbations (4.9), (4.10)
rather than (4.5), (4.8) (x 2 vi)
hr½nþ1i iðxÞ ¼ hri þ
Z
½T Iri;j ðhr½ni iÞðxÞ þ T Jri;j ðhr½nj iÞðxÞ þ Tbi;jðxÞ
n

uðv j;xjj; v i;xiÞ  ½T r1i;j ðhr½nj iÞðxÞ þ Tb1i;j ðxÞnðjÞ
o
dxj;
ð5:9Þ
hr½nþ1iiðxÞ ¼ Biðhr½nþ1i iÞðxÞ þ CiðxÞ; ð5:10Þ
were the a decomposition T ri;j ¼ T Iri;j þ T Jri;j was introduced analo-
gously to (4.6).
The solution (5.9) and (5.10) can be formally presented in an
operator form v ihg½nþ1iiðxÞ ¼Riðhr½nþ1i iÞðxÞ þ FiðxÞ suggesting the
Neumann series form for the solution hgii(x) and hrii(x) (x 2 vi)
v ihgiiðxÞ  limn!1 v ihg
½niiðxÞ ¼ Ri ðxÞhri þ Fi ðxÞ; ð5:11Þ
hriiðxÞ  limn!1hr
½niiðxÞ ¼ Bi ðxÞhri þ Ci ðxÞ; ð5:12Þ
which yields the ﬁnal representations for the effective properties
M ¼Mð0Þ þ hRVi; b ¼ bð0Þ þ hFVi; U ¼ hb1CVi: ð5:13Þ
A convergence of the sequence hg[n]ii(x) (5.11) and hr[n]ii(x) (5.12) is
analyzed analogously to the sequence (3.4).
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is a standard closing assumption (see for references, e.g.,
Buryachenko, 2007a) degenerating to the ‘‘quasicrystalline’’
approximation by Lax (1952) ignoring the binary interaction of
heterogeneities and assuming homogeneity of the effective
ﬁelds:
Hypothesis H2b, ‘‘quasi-crystalline’’ approximation. It is sup-
posed that the mean value of the effective ﬁeld at a point x 2 vi does
not depend on the stress ﬁeld inside surrounding heterogeneities
vj– vi:
hrjv i;xi;v j; xjiðxÞ ¼ hrkiðxÞ; hrkiðxÞ  const; ð5:14Þ
at x 2 vk, (k = i, j). In the framework of the EFH H1, the principal dif-
ference between the hypotheses H2a (5.6) and H2b (5.14) was ana-
lyzed in Chapter 13 by Buryachenko (2007a). A quantitative
difference of results obtained in framework of the hypotheses H2a
(5.6) and H2b (5.14) (without the hypothesis H1) will be demon-
strated in Section 9.
It should be mentioned that Buryachenko (2010c) used the gen-
eralized ‘‘quasicrystalline’’ approximation by Lax (1952) (5.141)
when the assumption (5.142) was relaxed: hrkiðxÞX const at
x 2 vk, (k = i, j). It greatly simpliﬁes the problem (5.7) where in such
a case T ri;j ¼ T r1i;j and Tbi;jðxÞ ¼ Tb1i;j ðxÞðx 2 v iÞ that reduces Eqs. (5.9)
and (5.10) to
hr½nþ1i iðxÞ ¼ hri þ
Z
½T r1i;j ðhr½nj iÞðxÞ þ Tb1i;j ðxÞ

 ½uðv j; xjj;v i; xiÞ  nðjÞdxj; ð5:15Þ
hr½nþ1iiðxÞ ¼ Biðhr½nþ1i iÞðxÞ þ CiðxÞ; ð5:16Þ
which is equivalent to the corresponding equations obtained by
Buryachenko (2010c). The method uses as a background the new
general integral Eq. (2.9) proposed in the accompanied paper by
Buryachenko (2010b) and makes it possible to abandon the basic
concepts of micromechanics: effective ﬁeld hypothesis, and the
hypothesis of ‘‘ellipsoidal symmetry’’. The results of this abandon-
ment were quantitatively estimated for some modeled composite
reinforced by aligned continuously inhomogeneous ﬁbers. Some
new effects were detected that were impossible in the framework
of a classical background (2.10) of micromechanics.
5.3. Initial approximations based on Eq. (2.9)
In order to ﬁnd an initial approximation of Eq. (5.8) we now ap-
ply the so-called effective ﬁeld hypothesis which is the main
approximate hypothesis of many micromechanical methods (see
for details Buryachenko, 2007a):
Hypothesis H1a. Each inclusion vi has an ellipsoidal form and is
located in the ﬁeld (2.122)
riðyÞ  rðxiÞ ðy 2 v iÞ ð5:17Þ
which is homogeneous over the inclusion vi.
Hypothesis H1a allows us to reduce Eq. (5.8) to the algebraic
equation
RiðxÞhrii ¼ RiðxÞhri þ
Z
½RIi;jðxÞhrii þ RJi;jðxÞhrji þ Fi;jðxÞ
n

uðv j;xjj; v i;xiÞ  ½R1i;j ðxÞhrji þ F1i;j ðxÞnðjÞ
o
dxj;
ð5:18Þ
where, in contrast to Eqs. (5.8) and (5.15), (5.16), the effective ﬁelds
hrki  const. at x,y 2 vk (k = i, j), and the tensors RIi;jðxÞ and RJi;jðxÞ are
introduced through the operators RIi;jðxÞ (4.6) and RJi;jðxÞ, respec-
tively, according to the deﬁnitions (5.4) and (5.5).For keeping the laying out down, one introduces the notations
for the statistical average of all perturbations introduced by sur-
rounding inclusions vj (j = 1,2, . . . ; j– i) into the inclusion vi
RJperti;j ðxÞ ¼
Z
RJi;jðxÞuðv j;xjj; v i;xiÞ  R1i;j ðxÞnðjÞ
h i
dxj; ð5:19Þ
RIperti;j ðxÞ ¼
Z
RIi;jðxÞuðv j;xjj;v i; xiÞdxj; ð5:20Þ
Fperti ðxÞ ¼
X
j
Z
Fi;jðxÞÞuðv j; xjj;v i; xiÞ  F1i;j ðxÞnðjÞ
h i
dxj: ð5:21Þ
The volume averages of the tensors RKperti;j ðxÞðK ¼ I; JÞ and Fperti ðxÞ
over the volume of the inclusion vi are denoted by the RKperti;j
(K = I, J) and Fperti , respectively. For the small concentration of inclu-
sions c  hVi 	 1, the tensors RKperti;j ðxÞðK ¼ I; JÞ and Fperti ðxÞ are the
linear functions of c. For a pure elastic case (b1  0), the tensors
RKperti;j ðxÞ (K = I, J) have a physical meaning of the perturbations of
the statistical average of the strain polarization tensor g in the
inclusion vi introduced by the action of surrounding inclusions
belonging to the phase v(j).
Volume averaging of Eq. (5.18) leads to the closed algebraic
equation
hrii ¼ hri þ R1i
X
j
RIperti;j hrii þ RJperti;j hrji þ dijFpertj
 
ð5:22Þ
with the solution
hrii ¼
X
j
Yij hri þ R1j Fpertj
h i
; ð5:23Þ
ðY1Þij ¼ dij I R1i
X
k
RIperti;k
" #
 RJperti;j : ð5:24Þ
Substituting Eq. (5.23) into the right-hand side of Eq. (5.3) leads to
the explicit representation for statistical average of strain polariza-
tion tensor in the inclusion vi
v ihgiiðxÞ ¼ RiðxÞhri þ FiðxÞ þ Fperti ðxÞ
þ
X
j;m
RIperti;j ðxÞYim þ RJperti;j ðxÞYjm
h i
hri þ R1m Fpertm
h i
:
ð5:25Þ
The mean ﬁeld of elastic stresses inside the inclusions h rii(x) is ob-
tained from (3.5), (3.9) and (5.25)
hriiðxÞ ¼ BiðxÞhri þ CiðxÞ þ ½v iM1ðxÞ1Fperti ðxÞ þ ½v iM1ðxÞ1


X
j;m
RIperti;j ðxÞYim þ RJperti;j ðxÞYjm
h i
hri þ R1m Fpertm
h i
: ð5:26Þ
After estimating average strain polarization tensors inside the
inclusions, see Eqs. (5.17) and (5.25), the problem of calculating
effective properties becomes trivial and leads, according to (2.14)
and (2.15), to the following new representations:
M ¼Mð0Þ þ
XN
i;j¼1
nðiÞRiYij; ð5:27Þb ¼ bð0Þ þ hFvVi þ
XN
i;m¼1
nðiÞRiYim hFvVi þ R1m Fpertm
h i
; ð5:28ÞU ¼ 1
2
hb1Ci 
1
2
hb1M11 Fperti
 1
2
XN
i;j;m¼1
nðiÞhbðiÞ1 ðxÞM11 ðxÞRIperti;j ðxÞiðiÞYim hFvVi þ R1m Fpertm
h i
 1
2
XN
i;j;m¼1
nðiÞhbðiÞ1 ðxÞM11 ðxÞRJperti;j ðxÞiðiÞYjm hFvVi þ R1m Fpertm
h i
;
ð5:29Þ
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Eqs. (5.25) and (5.26) one does not assume that the effective ﬁeld
riðxÞ is a homogeneous one that was proposed in the initial version
of the MEFM (see Buryachenko, 2007a,b). Because of this the ten-
sors hgii(x), hrii(x)– const. due to the inhomogeneity of the tensors
RIperti;j ðxÞ;RJperti;j ðxÞ;Fperti ðxÞ– const. even for the homogeneous ellip-
soidal inclusions when Ri(x), Fi(x), Bi(x), Ci(x) = const. (x 2 vi).
Therefore, Eqs. (5.25) and (5.26) are in reality the ﬁrst order approx-
imation of the stress ﬁelds rather than zero one usually used as an
initial approximation. The zero order approximation of hrii and hgii
could be obtained by direct substitution of Eq. (5.25) into Eqs. (3.5),
(3.9):
hrii ¼ Ci þ Bi
X
j
Yij hri þ R1j Fpertj
h i
; ð5:30Þ
v ihgii ¼ Fi þ Ri
X
j
Yij hri þ R1j Fpertj
h i
: ð5:31Þ
However, the effective properties (5.27) and (5.28) even in such a
case will be the same while the representation (5.29) will be
simpliﬁed.
5.4. Initial approximations based on Eq. (2.10)
To make further progress two next hypotheses are widely used.
The ﬁrst one is a hypothesis complimenting the basic Hypothesis
H1a:
Hypothesis H1b. The perturbation introduced by the inclusion vi
at the point y R vi is deﬁned by the relationZ
Cðy  xÞViðxÞgðxÞdx ¼ v iTiðy  xiÞgi: ð5:32Þ
Hereafter gi  hg(x)Vi(x)i(i) is an average over the volume of the
inclusion vi (but not over the ensemble), h(.)ii  hh(.)i(i)i, and
Tiðy  xiÞ ¼ hCðy  xÞiðiÞ;Ti;jðxj  xiÞ ¼ hTiðy  xiÞiðjÞ: ð5:33Þ
For a homogeneous ellipsoidal inclusion vi the standard assumption
(5.17) (see e.g. Buryachenko, 2007a) yields the assumption (5.32),
otherwise the formula (5.32) deﬁnes an additional assumption. The
tensors Ti,j(xi  xj), proposed by Willis and Acton (1976) for identi-
cal spherical inclusions have an analytical representation for spher-
ical inclusions of different size in an isotropic matrix (see for
references Buryachenko, 2007a). Buryachenko (2010a, proved that
an acceptance of the assumptions H1b leads to equivalence of
Eqs. (2.9) and (2.10). Moreover, all methods used as a background
Eq. (2.10) implicitly exploit the Hypothesis H1b. It should be men-
tioned that the popular formulation of the EFH (hypothesis H1) is a
combination of the hypotheses H1a and H1b.
The next hypothesis of ‘‘ellipsoidal symmetry’’ for the distribu-
tion of inclusions attributed to Willis (1977) (see also Khoroshun,
1974, 1978; Buryachenko and Parton, 1990; Ponte Castañeda and
Willis, 1995) hold the following:
Hypothesis H3. ‘‘ellipsoidal symmetry’’. The conditional proba-
bility density functionu(vj,xjj;vi,xi) depends on xj  xi only through
the combination q ¼ jða0ijÞ1ðxj  xiÞj:
uðv j;xjj;v i;xiÞ ¼ hðqÞ; ð5:34Þ
where the matrix a0ij
 1
(which is symmetric in the indexes i and
j; a0ij ¼ a0ji) deﬁnes the ellipsoid excluded volume v0ij ¼
fx : j a0ij
 1
xj2 < 1g.
The essence of the Hypothesis H3 was analyzed by Ponte
Castañeda and Willis (1995) (see also Buryachenko, 2007a) in the
framework of the hypothesis H1. Buryachenko (2010c), andBuryachenko and Brun (2011a) demonstrated that the real destina-
tion of the Hypothesis H3 is providing the conditions for realizing
of the Hypothesis H1a. Abandoning ellipsoidal symmetry hypothe-
sis (5.34) with necessarily leads to the inhomogeneity of the effec-
tive ﬁeld riðxÞ (see for details Buryachenko, 2010c; Buryachenko
and Brun, 2011a) acting on the inclusion x 2 vi that is prohibited
for the classical version of the MEFM by Buryachenko (2007a)
(see also Ponte Castañeda and Willis, 1995).
It should be mentioned that Eq. (5.18) used for estimation of the
initial approximation (5.30) and (5.31) was obtained from Eq. (2.9).
Acceptance of the additional assumption H1b in an accompany
with the hypothesis of ‘‘ellipsoidal symmetry’’ (see for analysis
Buryachenko, 2010c) allowed Buryachenko (2007b) to obtain a
particular case of the following equation
RiðxÞhrii ¼ RiðxÞhri þ RiðxÞQ 0i hgi þ
Z
½RIi;jðxÞhrii þ RJi;jðxÞhrji
n
þ Fi;jðxÞ 
uðv j;xjj; v i;xiÞ  ð1 V0i ðxjÞÞ½R1i;j ðxÞhrji
þF1i;j ðxÞnðjÞ
o
dxj ð5:35Þ
instead of Eq. (5.18). The integrals in Eqs. (2.9) and (2.10) (and in all
subsequent equations in this study) absolutely convergent as
jx  yj?1 at y 2 v(j) (see for details Buryachenko, 2010c). Then,
it is tempting to avoid consideration of the inﬁnite range improper
integral (5.35) over the whole space by truncating the range at a set
of some ﬁnite domains, say, the set of the homothetic domainsxR(k)
(k = 1, . . . ,N) containing the inscribed spheres with the radius R and
with the centers x. In so doing the mentioned limit of ﬁnite range
integrals in the right-hand side of Eq. (5.35) exists and does
not depend on the shape of the domains xR(k)(x). In particular,
the shapes of domains xR(k)(x) can be chosen coinciding with the
shapes of the ellipsoids v0i v i  v ðkÞ
 
. However, the Eshelby
tensor S0i  SðxRðkÞðxÞÞ and, because of this, the item containing
ð1 V0i ðyÞÞ can be omitted in the integrals over the mentioned
ellipsoidal domains xR(k)(x).
In such a case, the tensors (5.19) and (5.21) should be replaced
by
RJperti;j ðxÞ ¼ RiQ 0i RjnðjÞ
þ
Z
RJi;jðxÞuðv j;xjj;v i; xiÞ  1 V0i ðxjÞ
 
R1i;j ðxÞnðjÞ
h i
dxj;
ð5:36Þ
Fperti ðxÞ ¼ RiQ 0i hFvVi þ
X
j
Z
Fi;jðxÞÞuðv j; xjj;v i;xiÞ

 1 V0i ðxjÞ
 
F1i;j ðxÞnðjÞ
i
dxj: ð5:37Þ
All representations for both the initial approximations and effective
properties will be the same as in (5.22)–(5.29) with replacement of
the tensors RJperti;j ðxÞ (5.19) and Fperti ðxÞ (5.21) by RJperti;j ðxÞ (5.36) and
Fperti ðxÞ (5.37), respectively. From these modiﬁed representations,
we can obtain the results by Buryachenko (2007a,b) obtained at
the closing assumptions either h~ri;jiðxÞ ¼ hrii  const. or h~ri;jiðxÞ ¼
hrji  const. instead of (5.6). The tensors R1i;j ðxÞ and F1i;j ðxÞ and the
related tensors produced by the constant average strain polariza-
tion tensor hgi in Eq. (5.35), (5.36) and (5.37) and in all forthcoming
integrals can be omitted if the inﬁnite range improper integrals
involved are estimated by the passage to the limit in the set of
integrals over the domains xR(k) homothetic to v0i that is assumed
later on.
It should be mentioned that the initial approximations were
obtained in Sections 5.3 and 5.4 by the use of the Hypothesis
H1a applied to the different background Eqs. (2.9) and (2.10).
Buryachenko (2010b) proved that an acceptance of the assump-
tions H1b leads to equivalence of Eqs. (2.9) and (2.10). However,
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an implication of the Hypothesis H1a. Therefore, for the homoge-
neous ellipsoidal inclusions being considered in the numerical
examples in this paper in Section 9, both the initial approximations
obtained in Sections 5.3 and 5.4 are identical.
5.5. Some related integral equations
Let us ascertain the correlation of Eq. (5.3) with not numerous
known related equations based on the utilization of the solutions
for one and two inclusions rather than the direct use of a Green
function. In the framework of the standard assumption of a pertur-
bation method
h~ri;ji  h~rii  hri; ð5:38Þ
Buryachenko and Kushch (2005) have obtained (at b  0) a cumber-
some equation which is equivalent to the following one
v ihgiiðxÞ ¼ RiðxÞhri þ FiðxÞ þ RiðxÞQ 0i hgi
þ
Z
½Ri;jðxÞhri þ Fi;jðxÞuðv j;xjj;v i;xiÞ

nðjÞ½1 V0i ðxjÞ½R1i;j ðxÞhri þ F1i;j ðxÞ
o
dxj: ð5:39Þ
The representation (5.39) can be obtained by direct substitution of
the assumption (5.38) into Eq. (5.35). Chen and Acrivos (1978) pro-
posed the equation related with Eq. (5.39) the pure elastic case of
the identical homogeneous spherical inclusions (b1  0,N = 1). In
our notations this averaged equation can be represented in the form
v ihgii¼RihriþRiQ 0i hgi
þ
Z
hRi;jðxÞiðiÞhriuðv j;xjj;v i;xiÞð1V0i ðxjÞÞnðjÞfXr0g
h i
dxj;
ð5:40Þ
where the second summand of the integrand in the brace Xr0 is pro-
portional to r0  r0(xi) = r(xi)  hriwhich is a perturbation stress at
xi due to a single inclusion being at xj subjected to the applied strain
hri at the inﬁnity. The constant tensor X determined so that the
integral will be absolutely convergent has been chosen as Rj. There-
fore the item in the brace can be uniquely determined in the term of
the solution (4.8) Xr0 ¼ RjhTr1j ðxÞiðiÞhri. The proposed approxima-
tive representation is based on the assumption that the ﬁeld
r0  const. in the area vi. The last limitation can be easily avoided
in the framework of the original scheme by Chen and Acrivos
(1978). Indeed, the item in the braces should be replaced by the
relation hR1i;j iðiÞhri, which is the average strain polarization tensor
hgi(i) in the inclusion vi subjected to both the homogeneous remote
ﬁeld hri and the inhomogeneous ﬁeld Tr1j ðxÞhriðx 2 v iÞ. Then Eq.
(5.40) has a new representation
hgii ¼ Rihri þ RiQ 0i hgi
þ
Z
hRi;jðxÞiðiÞhriuðv j;xjj; v i;xiÞ
h
 1 V0i ðxjÞ
 
nðjÞhR1i;j ðxÞiðiÞhri
i
dxj; ð5:41Þ
which is equivalent to the corresponding relation obtained by
Buryachenko and Kushch (2005). It should be mentioned that the
inhomogeneous tensor hri þ Tr1j ðxÞhri (x 2 vi) has a sense of the
inhomogeneous effective stress ﬁeld outside of the inclusion vj in
the area vi, which can be estimated by different methods not just
by the use of the tensors Tr1j ðxÞ. A new representation (5.41) coin-
cides with the old one (5.40) at Xr0 ¼ RjhTr1j ðxÞiðiÞhri just in the
framework of both the case of homogeneous ellipsoidal inclusions
and the additional effective ﬁeld hypothesis H1, which is equivalent
to the original assumption by Chen and Acrivos (1978)
r0(x)  const. (x 2 vi). However, Eq. (5.41) is used as a backgroundof the approximate Eq. (2.10) which is equivalent to the exact one
(2.9) only in the framework of the hypothesis H1. Abandonment
from this hypothesis leads to a modiﬁcation of Eq. (5.41)
hgii ¼ Rihri
þ
Z
hRi;jðxÞiðiÞuðv j;xjj;v i;xiÞ  nðjÞhR1i;j ðxÞiðiÞ
h i
dxjhri;
ð5:42Þ
which can be obtained from Eq. (5.18) at the condition (5.38). The
assumption (5.38) is not used in the current paper and presented
only for exploration of the relation between the proposed Eqs.
(5.41), (5.42) and the known one (5.40).
6. Approximate representations of some tensors and operators
Effective ﬁeld hypothesis H1 means that Tr1j ðxÞ ¼ Tjðx xjÞ
Rj; T
b1
j ðxÞ ¼ Tjðx xjÞFj, where hereafter the tensors Tj(x  xj) 
hC(x  y)i(j), Ti,j(xi  xj)  hTj(x  xj)i(i) are deﬁned through the
external Eshelby tensor Sjðx xjÞ  v jhUðx yÞiðjÞLð0Þ; ðy 2 v j;
x 2 RdÞ : TjðxÞ ¼ Lð0Þ½Sjðx xjÞ  IVjðxÞ. The acceptance of the
effective ﬁeld hypothesis H1 for both interacting inclusions vi
and vi reduces the integral Eqs. (4.3) and (4.11) describing the solu-
tion for the binary interacting inclusions to the algebraic ones. This
allows us to signiﬁcantly simplify the estimation of the tensors
Ri,k(x), Fi,k(x) (4.5), and R
1
i;kðxÞ; F1i;kðxÞ (4.8) R1i;kðxÞ ¼ RiðxÞTi;j
ðxi  xjÞRj; F1i;kðxÞ ¼ RiðxÞTi;jðxi  xjÞFj.
The tensors Ri,k(x) and Fi,k(x) can also easily be estimated in the
framework of the effective ﬁeld hypothesis (5.17) and (5.32) from
the matrix representation of the solution of Eq. (4.3) (x 2 vi, no sum
on i,j)
v igiðxÞ ¼ FiðxÞ  RiðxÞR1i Fi þ RiðxÞR1i
X2
k¼1
Z2kij ½Rk~ri;j þ Fk; ð6:1Þ
where for simplicity i, j = 1, 2 are taken and the matrix Z1 has the
elements
ðZ1Þij ¼ Idij  ð1 dijÞRjTi;jðxi  xjÞ; ð6:2Þ
while Z21ij and Z
22
ij are nondiagonal and diagonal elements, respec-
tively, of the matrix Zij ¼ ðZlmij Þ ðl;m ¼ 1;2Þ. Substitution of the solu-
tion (6.1) into Eq. (4.5) leads to the following desired representation
(i = 1,2; j = 3  i; no sum on i, j)
RIi;jðxÞ ¼ RiðxÞR1i ðZ22ij  IÞRi; RJi;jðxÞ ¼ RiðxÞR1i Z21ij Rj; ð6:3Þ
Fi;jðxÞ ¼ RiðxÞR1i ½ðZ22ij  IÞFi þ Z21ij Fj; ð6:4Þ
which can be used for construction of the tensors (x 2 vi)
TIri;j ðxÞ ¼ TjðxÞZ21ji Ri; TJri;j ðxÞ ¼ TjðxÞZ22ji Rj; Tbi;jðxÞ ¼ TjðxÞFj;i:
ð6:5Þ
Buryachenko (2007b) has analyzed the representations for the
effective parameters (5.27)–(5.29) (at the hypotheses H1b and
H3) and some related problems by the use of the tensors
RIi;j;R
J
i;j;Fi;j. We will exploit these approximate representations for
estimation of the initial approximation hr½0i (5.23). Any desirable
accuracies at the estimation of tensors Ri,j(x) were reached by both
the complex potential method (2D case) and the method of multi-
pole expansion (3D case) (see for references Buryachenko, 2007a).
Detailed constructions of the operators T r1i;j ðhrjiÞðxÞ and
RiðhriiÞðyÞðx 2 Rd; y 2 v iÞ were presented by Buryachenko
(2010c) by the iteration method and the interested reader is re-
ferred to his publication. We will use approximate construction
of the operator T ri;jðh~ri;jiÞðxÞ. In particular, for jxi  xjjP 2(ai + aj)
we will use the ﬁrst order approximation (x 2 vi)
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which accuracy was estimated in Subsection 4.3.5 in Buryachenko
(2007a). In the right-hand side of Eq. (6.6) we use the average effec-
tive ﬁelds which can be considered as a zero order approximation
leading to the ﬁrst order approximation of the effective stress ﬁeld
in the left-hand side of Eq. (6.6). For jxi  xjj < 2(ai + aj) we will take
the inhomogeneities of hriiðxÞ and hrjiðyÞðx 2 v i; y 2 v jÞ into
account
T ri;jðh~ri;jiÞðxÞ ¼
Z
Cðx yÞZ21ji RihriiðyÞViðyÞdy
þ
Z
Cðx yÞ 
 Z22jj RjhrjiðyÞVjðyÞdy: ð6:7Þ
The operator T ri;jðh~ri;jiÞðxÞ can be constructed by the iteration meth-
od with any desirable accuracy analogously to the operators for one
particle T r1i;j ðhrjiÞðxÞ andR1i ðhriiÞðyÞðx 2 Rd; y 2 v iÞ (see for details
Buryachenko, 2010c). However, the ﬁrst order approximation (6.6)
and (6.7) provides a reasonable level of accuracy.7. Differential and integral equations for second moments of
stresses
7.1. Perturbation method for the estimation of second moments of
stresses in the components
The fourth-rank tensor of the second moment of stresses
hr  rii averaged over the volume of the component v(k),
(k = 0, . . . ,N) can be exactly determined by the perturbation meth-
od from the functional dependence of the effective complianceM⁄,
stored energy U⁄ and effective eigenstrains b⁄ on the compliance of
the component v(k)
hr riðkÞ ¼ 1
cðkÞ
@M
@MðkÞ
r0  r0  2
cðkÞ
@U
@MðkÞ
þ 2
cðkÞ
@b
@MðkÞ
r0: ð7:1Þ
Some particular results of relationships (7.1) were obtained by
Parton and Buryachenko (1990) (for b  0) and Buryachenko and
Kreher (1995) (for r0  0). Buryachenko and Shermergor (1995)
considered the generalization of Eq. (7.1) for thermo–elastic–
electric ﬁelds. Relation (7.1) has been obtained for any degree of
anisotropy of M⁄, M(i) (i = 0,1, . . . ,N). For isotropic tensors M⁄ and
M(k) (k = 1, . . . ,N), the relation (7.1) reduces to the results found by
Bobeth and Diener (1987) and by Kreher and Pompe (1989) for
macroisotropic composites.
7.2. Second moment of stresses inside the heterogeneities
For obtaining an integral representation of the second moments
of stresses in the component v(i) of the inclusions (i = 1,2, . . ..) it is
necessary to put the tensor product of (2.112,3 (at n = 1) into rðxÞ:
rðxÞ rðxÞ¼hriðxÞhriðxÞþhriðxÞ
Z
½Cðx
xpÞgðxpÞVpðxpj;v i;xiÞhCðxxpÞgiðxpÞdxp
þ
Z
½CðxxqÞgðxqÞVqðxqj;v i;xiÞ
hCðxxqÞgiðxqÞdxqhriðxÞþ
Z Z
½Cðx
xpÞgðxpÞVpðxpj;v i;xiÞhCðxxpÞgiðxpÞ
½CðxxqÞgðxqÞVqðxqj;v i;xiÞhCðxxqÞgiðxqÞdxpdxq
ð7:2Þ
with x 2 vi. The right-hand side of Eq. (7.2) is a random function of
the arrangements of inclusions vp, vq– vi (p,q = 1,2, . . .). Averaging
(7.2) over a realization ensemble leads tohr riðxÞ ¼ hriðxÞ hriðxÞþ hriðxÞ

Z
½hCðxxpÞgðxpÞVpðxpÞjvp;xp;v i;xiiuðvp;xpj;v i;xiÞ
 hCðxxpÞgiðxpÞdxp
þ
Z
½hCðxxqÞgðxqÞVqðxqÞjvq;xq;v i;xiiuðvq;xqj;v i;xiÞ
 hCðxxqÞgiðxqÞdxqhriðxÞ
þ
Z Z
h½CðxxpÞgðxpÞVpðxpÞ

½CðxxqÞgðxqÞVqðxqÞ j vp;xp;vq;xq;v i;xii

uðvp;xp;vq;xqj;v i;xiÞ
 CðxxpÞgðxpÞVpðxpÞjvp;xp;v i;xiiuðvp;xpj;v i;xiÞ

 CðxxqÞgiðxqÞ hCðxxpÞgiðxpÞ

 CðxxqÞgðxqÞVqðxqÞjvq;xq;v i;xiiuðvq;xqj;v i;xiÞ

þ CðxxpÞgiðxpÞ hCðxxqÞgiðxqÞ
 	
dxpdxq: ð7:3Þ
The notations h(.)jv1,x1; . . . ;vn,xni (x) is used for the conditional
average taken for the ensemble of a statistically homogeneous ﬁeld
X = (vi) at the point x, on the condition that there are inclusions at
the points x1, . . . ,xn and xi– xj if i– j (i, j = 1, . . . ,n). The notations
h(.)j;v1,x1; . . . ;vn,xni(x) are used for the case x R v1, . . . ,vn. The
right-hand side of Eq. (7.3) includes double-point u(vr,xrj ;vi,xi)
(r = p,q) and triple-point u(vp,xp,vq,xqj;vi,xi) conditional probability
densities in which the terms with xp = xq under the condition
xp– xi, xq – xi may be isolated with the help of the equality
u(vp,xp,vq,xqj;vi,xi) = d(xp  xq)u(vp,xpj;vi,xi) + u(vp,xpj;vi, xi)u(vq,
xqj; vp, xp;vi,xi). Then Eq. (7.3) can be rewritten as
hr riiðxÞ ¼ hriiðxÞ  hriiðxÞ þ
Z
h½Cðx xpÞgðxpÞ
 ½Cðx xpÞgðxpÞjvp;xp;v i; xiiuðvp;xpj; v i;xiÞdx
þ
Z Z
h½Cðx xpÞgðxpÞ  ½Cðx xqÞgðxqÞ

jvp; xp;vq; xq;v i; xiiuðvp;xpj; v i;xiÞ

uðvq; xqj;vp; xp;v i; xiÞ  ½hCðx xpÞgðxpÞ
j vp;xp;v i;xii  ½hCðx xqÞgðxqÞjvq;xq; v i;xii

uðvp;xpj; v i;xiÞuðvq;xqj;v i;xiÞ
	
dxqdxp ð7:4Þ
with x 2 vi. Here the double integral was transformed in terms of
average effective stresses.
From the Eq. (7.4) one can see that the effective stress
dispersion
DrðiÞ2klmnðxÞ  hrkl rmniiðxÞ  hrkliiðxÞhrmniiðxÞ ð7:5Þ
presents a determined inhomogeneous function inside the compo-
nents vi, (i = 1, . . . ,N). At the same time the stress dispersion
Dr(i)2(x)  hr  rii(x)  hrii(x)  hrii(x) is connected with the
effective stress dispersion (7.5) by
DrðiÞ2ðxÞ ¼ Bi  DrðiÞ2 B>i ðxÞ: ð7:6Þ
The formula (7.6) allows the estimation of the averaged stress dis-
persion in the inclusion volume
DrðiÞ2 ¼ v1i
Z
DrðiÞ2ðxÞViðxÞdx: ð7:7Þ
By the use of the known properties of the second statistical mo-
ments, (7.6) and (7.5), we obtain the relations for the average sec-
ond moments of both the stresses and strain polarizations in the
component vi:
1676 V.A. Buryachenko / International Journal of Solids and Structures 48 (2011) 1665–1687hrriiðxÞ¼ hriiðxÞhriiðxÞþ
Z
hBi CðxxpÞgðxpÞ
Bi CðxxpÞgðxpÞjvp;xp;v i;xii

uðvp;xpj;v i;xiÞdxpþ
Z Z
hBi CðxxpÞgðxpÞ

Bi CðxxqÞgðxqÞjvp;xp;vq;xq;v i;xii

uðvp;xpj;v i;xiÞuðvq;xqj;vp;xp;v i;xiÞ
 Bi CðxxpÞgðxpÞ jvp;xp;v i;xiiuðvp;xpj;v i;xiÞ

 Bi CðxxqÞgðxqÞjvq;xq;v i;xiiuðvq;xqj;v i;xiÞ
 	
dxqdxp;
ð7:8Þ
hggiiðxÞ ¼ hgiiðxÞ hgiiðxÞ
þ
Z
hRvi CðxxpÞgðxpÞRvi CðxxpÞgðxpÞ
jvp;xp;v i;xiiuðvp;xpj;v i;xiÞdxp
þ
Z Z
hRvi CðxxpÞgðxpÞRvi CðxxqÞgðxqÞ

vp;xp;vq;xq;v i;xiiuðvp;xpj;v i;xiÞ




uðvq;xqj;vp;xp;v i;xiÞ
 Rvi CðxxpÞgðxpÞjvp;xp;v i;xiiuðvp;xpj;v i;xiÞ

 Rvi CðxxqÞgðxqÞjvq;xq;v i;xiiuðvq;xqj;v i;xiÞ
 	
dxqdxp;
ð7:9Þ
respectively, and Rvi  v1i Ri The relations (7.8) and (7.9) are de-
rived by the use of both the triple and double interaction of the het-
erogeneities. As may be seen from Eqs. (7.8) and (7.9), the
neglecting of binary interaction is tantamount to assuming homo-
geneity of the effective stresses inside the component vi
hr riiðxÞ ¼ hriiðxÞ  hriiðxÞ; ð7:10Þ
hr riiðxÞ ¼ hriiðxÞ  hriiðxÞ; ð7:11Þ
hg giiðxÞ ¼ hgiiðxÞ  hgiiðxÞ: ð7:12Þ
However, substitution of the equalities (7.10), (7.11) and (7.12) into
the right-hand sides of Eqs. (7.4), (7.8) and (7.9), respectively does
not mean that Eq. (7.10)–(7.12) hold for the left-hand sides of Eq.
(7.4), (7.8) and (7.9). The following new approximations for the sec-
ond moments can be obtained by taking only binary interaction of
the inclusions into account:
hr riiðxÞ ¼ hriiðxÞ  hriiðxÞ þ
Z
hBi  Cðx xpÞgðxpÞ
Bi  Cðx xpÞgðxpÞjvp; xp;v i;xiiuðvp; xpj;v i; xiÞdxp;
ð7:13Þ
hg giiðxÞ ¼ hgiiðxÞ  hgiiðxÞ þ
Z
hRvi  Cðx xpÞgðxpÞ
Rvi  Cðx xpÞgðxpÞjvp;xp;v i;xiiuðvp; xpj;v i; xiÞdxp;
ð7:14Þ
Ignoring effective stress ﬂuctuations in the inclusions vp in the inte-
gral terms (7.8) and (7.9) leads to other new representations
hr riiðxÞ ¼ hriiðxÞ  hriiðxÞ þ
Z
½Bi  Tpðx xpÞhgip
 ½Bi  Tpðx xpÞhgip uðvp;xpj;v i;xiÞv2pdxp
þ
Z Z
½Bi  Tpðx xpÞhgip  ½Bi  Tqðx xqÞhgiq
 ~uðvq;xqj;vp; xp;v i;xiÞuðvp; xpj;v i; xiÞvpvqdxpdxq
ð7:15Þhg giiðxÞ ¼ hgiiðxÞ  hgiiðxÞ þ
Z
½Rvi  Tpðx xpÞhgip
 ½Rvi  Tpðx xpÞhgip uðvp;xpj;v i; xiÞv2pdxp
þ
Z Z
½Rvi  Tpðx xpÞ 
 hgip  ½Rvi  Tqðx xqÞhgiq

 euðvq;xqj;vp;xp;v i;xiÞuðvp; xpj;v i; xiÞvpvqdxpdxq;
ð7:16Þ
where ~uðvq;xqj;vp;xp;v i;xiÞuðvq;xqj;vp;xp;v i;xiÞuðvq;xqj; v i;xiÞ.
The relations (7.15) and (7.16) can be called as ‘‘far ﬁeld
approximation’’.
7.3. Stress ﬂuctuations inside the matrix
In a similar manner it is possible to obtain the estimation of
the second stress moment averaged over a volume of the
matrix. At ﬁrst we deﬁne the conditional probability density
u(vp,xpj;vq,xq; . . . ;v0,x0) under the condition that the inclusions
vq, . . . are located at points xq, . . ., whereas the matrix material ap-
pears at the point x0. In analogy to the above considerations we
obtain
hr ri0 ¼ hri0  hri0 þ
Z
h½Cðx0  xpÞgðxpÞ
 ½Cðx0  xpÞgðxpÞjvp; xp;v0; x0iuðvp;xpj; v0;x0Þdxp
þ
Z Z
h½Cðx0  xpÞgðxpÞ

½Cðx0  xqÞgðxqÞ j vp;xp; vq;xq; v0;x0i
uðvp; xpj;v0; x0Þuðvq;xqj;vp;xp; v0;x0Þ
 ½hCðx0  xpÞgðxpÞjvp; xp;v i; xiiuðvp;xpj; v0;x0Þ
 ½hCðx0  xqÞgðxqÞjvq; xq;v i; xii

uðvq;xqj;v0;x0Þ
	
dxqdxp: ð7:17Þ
In contrast to (7.8) the second stress moment in the matrix, (7.17),
does not depend on x0 2 v0. A more approximative estimation of the
second moment hr  ri0 can be obtained in direct analogy to (7.13),
(7.15) by replacing vi, xi by v0, x0. So, in the framework of the effec-
tive ﬁeld hypothesis H1, we have
hr ri0 ¼ hri0  hri0 þ
Z
h½Tpðx0  xpÞgpvp
 ½Tpðx0  xpÞgpvpjvp; xp;v0; x0iuðvp;xpj; v0;x0Þdxp
þ
Z Z
h½Tpðx0  xpÞgp
n
 ½Tqðx0  xqÞgqjvp;xp;vq; xq;v0; x0i

uðvp;xpj; v0;x0Þuðvq;xqj;vp; xp;v0; x0Þ
 ½Tpðx0  xpÞhgpjvp;xp; v i;xi;v0; x0iuðvp;xpj;v0;x0Þ

½Tqðx0  xqÞhgqjvq;xq;v i;xi; v0;x0iuðvq; xqj;v0; x0Þ
o

vpvqdxqdxp: ð7:18Þ
‘‘Far ﬁeld approximation’’ leads to the following simpliﬁcation of Eq.
(7.18)
hr ri0 ¼ hri0  hri0 þ
Z
½Tpðx0  xpÞhgipvp
 ½Tpðx0  xpÞ 
 hgipvpuðvp;xpj;v0;x0Þdxp
þ
Z Z
½Tpðx0  xpÞ 
 hgip  ½Tqðx0  xqÞhgiqvpvq

 ½uðvq;xqj; vp;xp; v0;x0Þ
uðvq;xqj; v0;x0Þuðvp; xpj;v0;x0Þdxqdxp: ð7:19Þ
The new representations (7.8) and (7.18) of the stress second mo-
ments are exact and depend on both the triple and double interac-
tions of heterogeneities. The Eqs. (7.8) and (7.18) do not depend on
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tained. Their most strong simpliﬁcations were obtained in the
framework of far ﬁeld approximation (7.15) and (7.19) which de-
pend only on the average polarization tensors inside heterogene-
ities hgip. More accurate simpliﬁcations of the right-hand sides of
Eqs. (7.8) and (7.18) will be established in the next section in the
framework of the effective ﬁeld hypothesis.
7.4. Second moment of stresses at the interface
The stress ri ðnÞ in the matrix in the vicinity of the inhomoge-
neities vi near the point x 2 vi with the unit outward normal vector
n\@vi is given by the formula
rðnÞ ¼ BðnÞrþðxÞ þ ðBðnÞ  IÞðM1ðxÞÞ1b1ðxÞ; ð7:20Þ
which holds for any shape, anisotropy, and inhomogeneity of the
inclusion vi, and the representation of the interface tensor B(n)
can be found, e.g., in Buryachenko (2007a) (p. 67). Eqs. (7.20),
(5.7) and (5.8) make it possible to estimate the ensemble average
of the stress hr(n)ix in the vicinity of the inhomogeneity near
the point x 2 vi. The second moment of stresses in the vicinity of
the heterogeneity can be found from (7.20) and (7.8)
hrðnÞ  rðnÞix ¼ h½BðnÞr  ½BðnÞriiðxÞ
þ ½BðnÞ  I½MðiÞ1 ðxÞ1bðiÞ1 ðxÞ
n o
 ½BðnÞ

 hriiðxÞ þ hrðnÞix
 ½BðnÞ  I½MðiÞ1 ðxÞ1bðiÞ1 ðxÞ
n o
; ð7:21Þ
where the ﬁrst term on the right-hand side can be obtained by using
Eq. (7.8). Expressions for hrii(x) and hr(n)ix are given by formulae
(5.8) and (7.20), respectively. Relation (7.21) was proposed in Bury-
achenko (2007a) by a less general and more cumbersome method
for the homogeneous stress moments hr  rii and hrii in the
right-hand side in (7.21). It should be mentioned that for the calcu-
lation of the invariants hr(n)N1r(n)ix and hr(n)N2r(n)ix it is
necessary to estimate all components of the averaged second mo-
ment of the stresses inside the inclusion vi by Eq. (7.8) [in contrast
to Eq. (7.3)].
8. Second moments of stresses inside the components
8.1. Initial approximation
Although Eqs. (7.8) and (7.18) are exact, they are implicit ones
with respect to the conditional second moments of the strain
polarization tensor g. Therefore, the solutions of Eqs. (7.8) and
(7.18) are reduced to the analysis of the inﬁnite systems of coupled
integral equations. The closing of this inﬁnite systems of integral
equations in the two-particle approximation can be performed
with the help of the following assumptions (i = 1,2; j = 3  i)
h~rðxiÞi;j  erðxjÞi;ji ¼ hrii  hrij; h~rðxiÞi;j  ~rðxiÞi;ji
¼ hr rii: ð8:1Þ
The assumption of no correlation between the values of the ﬁeld
~rðxÞi;j at different points (8.1) does not mean the lack of correlation
between the stresses r (xi) and r(xj). The statistical average stresses
hrii(x)(x 2 vi) may be obtained by using formulae (5.7) and (5.8). For
the calculation of a second one-point effective stress moment aver-
aged over the heterogeneity volume hr  r ii Buryachenko (1987)
applied a cumbersome approximation method. For estimation of
hr  r ii(x) we will consider a modiﬁcation of the approach pre-
sented in Section 13 in Buryachenko (2007a) used for evaluation
of hr  r ii and based on simpliﬁcation of Eq. (7.8) obtained inthe framework of the effective ﬁeld hypothesis H1 of the binary
interaction of the inclusions.
Using hypothesis H1 (combining the hypotheses H1a and H1b),
the system (2.13) for 2 ﬁxed inclusions with ﬁxed values
~ri;jðxÞðx 2 v i; i; j ¼ 1;2; j ¼ 3 iÞ on the right-hand side of the equa-
tions becomes algebraic when the solution (3.8), (3.9) for one
inclusion in the ﬁeld riðxiÞis applied
riðxiÞ ¼ R1i
X2
k¼1
Z1kij Rk~ri;jðxkÞ þ Fk
  Fi
( )
; ð8:2Þ
where the matrix Z was deﬁned by Eq. (6.2). For two ﬁxed inhomo-
geneities vi, vj we have the second statistical moment of the effec-
tive stresses inside the inhomogeneity vi obtained by taking the
tensor product of (2.12) (k = 2)
hr rii ¼ R1i
X2
k¼1
Z1kij Rk~ri;jðxkÞ þ Fk
  Fi
" #( )*
 R1i
X2
k¼1
Z1kij Rk~ri;jðxkÞ þ Fk
  Fi
" #( )+
ð8:3Þ
with (i, j = 1,2). Here rðxiÞ and ~ri;jðxkÞðxi 2 v i;xj 2 v j; k ¼
i; j; i; j ¼ 1;2Þ are assumed to be homogeneous random ﬁelds in
the inclusions vi, vj. According to (8.1) we use the following assump-
tion to modify (7.8) in the framework of the effective ﬁeld
hypothesis:
hgi  gji ¼ hgii  hgji; i–j; ð8:4Þ
gi  gih i ¼ ci þ
X2
k¼1
S1kij rk
( )
 ci þ
X2
k¼1
S1kij rk
( )* +
; ð8:5Þ
where (k = 1,2)
S1kij ¼ Z1kij Rk; ci ¼
X2
k¼1
Z1kij Fk: ð8:6Þ
The Eqs. (8.4) and (8.5) are exact for the limiting case
jx yj max alm, where x 2 vi, y 2 vj (l = 1, . . . ,d;m = i, j).
Then from (7.5) with (8.4) and (8.5) we ﬁnd the relation for sec-
ond moments of stresses in the inclusions
hr rii ¼
XN
j¼1
Xij
XN
p¼1
dpj þH3jp
 
hrip  hrij þH4jphrij
n
hrip þ P1jphrip þ P2jphrij þ P3jp
o
; ð8:7Þ
where the tensors Hkip;P
l
ipðk ¼ 1;2;3;4; l ¼ 1;2;3Þ are represented in
Appendix A. The following tensor product notation has been applied
½ðB1  B2Þðb1  b2Þpqrs ¼ B1pqklb1klB2rsmnb2mn; ð8:8Þ
½ðB1  b1Þb2Þpqrs ¼ B1pqklb2klb1rs; ½ðb1  B1Þb2Þpqrs ¼ b1pqB1rsmnb2mn;
ð8:9Þ
where B1, B2 and b1, b2 stand for any fourth and second order
tensor, respectively. Here the inverse matrix X1 of X has the
following elements: ðX1Þij¼dij I I
PN
q¼1H
1
iq
n o
H2ij;ði; j¼1; . . . ;NÞ.
The inversion of the eight–order tensor X was carried out by the
use of the tensor analogy of the Taylor expansion ð1xÞ1¼P
xn; ðn¼0;1; . . .Þ; in the considered examples of composites ten
terms of the expansion provide an error which is less than 1 per
cent. On the right-hand side of Eq. (8.7) the values hriiði¼1; . . . ;NÞ
are obtained from (5.23). A simpliﬁcation of Eq. (8.7) can be
achieved by accepting the quasi–crystalline approximation (5.14),
when the equality (7.10) holds in the right-hand side of Eq. (8.7)
that reduces Eq. (8.7) to
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XN
p¼1
H1iphrii  hrii þH2iphrip
n
 hrip þH3iphrip  hrii þH4iphrii  hrip
þP1iphrip þ P2iphrii þ P3ip
o
; ð8:10Þ
An estimation of the average stress dispersion (7.7) can be obtained
from Eq. (7.6) in the framework of the effective ﬁeld hypothesis by
the use of Eq. (8.7). In a similar manner, the average second mo-
ment of the strain polarization tensor hg  gii can be obtained
hg gii ¼ Rihrii  Fi þ Fi  Rihrii þ Fi  Fi
þ ðRi  RiÞ
XN
j¼1
Xij
XN
p¼1
ðdpj þH3jpÞhrip
n
hrij þH4jphrij  hrip þ P1jphrip þ P2jphrij þ P3jp
o
; ð8:11Þ
where an analog of the tensor product notation (8.8) and (8.9) was
used. The representation (8.11) can be exploited in the right-hand
side of Eq. (7.13) for estimation of the inhomogeneous second mo-
ment of stresses hr  rii(x)(x 2 vi) (7.13).
An estimation of the second stress moment averaged over the
matrix can be found in analogy to the derivation of (7.7) and
(8.7). If we restrict our consideration to binary interaction of the
inclusions and use the assumption hr rjv i;xi;v0;x0ii  hr rii,
we obtain
hr ri0 ¼ hri0hri0 þ
XN
p¼1
H10p hr rip þ P10p hrip þ P30p
n o
; ð8:12Þ
where the tensors H10p ; P
10
p ; P
30
p are represented in Appendix A. The
quantities hr rip and hrip can be estimated by the use of Eqs. (8.7)
and (5.23), respectively. The new Eqs. (8.7)–(8.12) differ from the
corresponding equations by Buryachenko (2007a) due to the dis-
tinction of the tensors Hkip; P
l
ipðk ¼ 1;2;3;4; l ¼ 1;2;3Þ.
It should be mentioned that in a number of practical cases some
simpliﬁed methods [such as Mori and Tanaka (1973)] lead to rea-
sonably accurate estimations of the effective parameters M⁄, b⁄,U⁄
(see for details Buryachenko, 2007a). However, in the case of esti-
mating central stress moments inside the inclusions (7.1) and (7.6),
one obtains the trivial result D r(1)2(x)  0, x 2 v(1) (N = 1).
8.2. High order approximation
The initial approximation of the second moment of the effective
stresses hðr rÞ½0ii was found in Section 5 in the framework of the
effective ﬁeld hypothesis H1 (5.17) and (5.32). Substitution of the
found hðr rÞ½0ii into the right-hand side of Eq. (7.4) allows us
to obtain a recursive formula for estimation of the inhomogeneous
effective stress dispersion (7.5) (x 2 vi) and the related quantities
DrðiÞ2½kþ1klmn ðxÞ ¼
XN
p¼1 H
1
ipðxÞhðg gÞ½kii þH2ipðxÞhðg gÞ½kip þP3ipðxÞ
n
þH3ipðxÞhgip  hgii þH4ipðxÞhgii  hgip
þP1ipðxÞhgip þP2ipðxÞhgii
o
; ð8:13Þ
hðg gÞ½qþ1irðxÞ ¼ hgirðxÞ  hgirðxÞ þRrDrðiÞ2½kþ1ðxÞR>r ; ð8:14Þ
hðr rÞ½qþ1irðxÞ ¼ hrirðxÞ  hrirðxÞ þBrDrðiÞ2½kþ1ðxÞB>r ; ð8:15Þ
where the tensors HlipðxÞ;PlipðxÞðl ¼ 1;2;3Þ are deﬁned in Appendix
and the statistical averages hr½kiiðxÞ and h gir  limk?1hg[k]ir
(r = i,p), are found from the independent recursive relation (5.9)
and (5.10), respectively.
It should be mentioned that the summands under the sum sign
in the right-hand side of Eq. (8.13) depend on the volume averagesh(g  g)[k]ii and hgii that makes it possible to reduce the integral
Eq. (7.4) to the algebraic one (8.13) where the tensors HlipðxÞ;
PlipðxÞðl ¼ 1;2;3Þ are estimated only one time. Exploiting instead
of h(g  g)[k]ii and hgii their unaveraged counterparts h(g  g)[k]ii(x)
and hgii(x) is obvious, however this generalization will take
essentially longer computing time. For example, the summands
containing the tensors H3ipðxÞ and H4ipðxÞ should be replaced by
the operators (x 2 vi, no sum on i,p)Z
T Pgi;pðhgipÞðxÞ  T Igi;pðhgiiÞðxÞuðvp; xpj;v i; xiÞdxp; ð8:16ÞZ
T Igi;pðhgiiÞðxÞ  T Pgi;pðhgipÞðxÞuðvp; xp;v i;xiÞdxp; ð8:17Þ
respectively, where the inhomogeneous hgir(x) (x 2 vr, r = i,p) are
found from the independent recursive relation (5.7). The operator
T gi;p ¼ T Igi;p þ T Pgi;p determined analogously to Eq. (4.11) is reduced
in the framework of the hypothesis H1 to the tensors TIgi;p and T
Pg
i;p
(6.6) presented through the matrix Zip by Eq. (6.51,2) with the
replacement Ri  I. A simpliﬁed construction of the operator T gi;p
(6.7) allows us to take the inhomogeneities of hgii(y) and hgip(z)
(y 2 vi,z 2 vp) into account.
9. Some particular numerical results
For the sake of deﬁniteness, we will consider a plane strain 2-D
problem for the random structure composites containing the circle
inclusions (the ﬁbers). The different radial distribution functions
(RDF) for the inclusions will be examined at the estimation of
effective parameters (5.11)–(5.13). We consider a pure mecha-
nical problem (b  0) and assume the matrix is epoxy resin
[L(0) = (3k(0),2l(0)), k(0) = 3.24 GPa and l(0) = 1.16 GPa] which
contains identical circular SCS-0 ﬁbers [L(1) = (3k(1),2l(1)),
k(1) = 190.47 GPa and l(1) = 173.91 GPa]. Two alternative radial dis-
tribution functions (RDF) of inclusion will be examined (see Torqu-
ato and Lado, 1992; Hansen and McDonald, 1986)
gðxi  xqÞ uðv i;xij;vq;xqÞ=nðqÞ ¼ Hðr 2aÞ; ð9:1Þ
gðxi  xqÞ ¼ Hðr 2aÞ 1þ 4cp p 2sin
1 r
4a
 
 r
2a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 r
2
16a2
r" #
Hð4a rÞ
( )
ð9:2Þ
where H denotes the Heaviside step function, r  jxi  xqj is the dis-
tance between the nonintersecting inclusions vi and vq, and c is the
volume fraction of ﬁbers of the radius a. At ﬁrst we will exploit only
the formula (9.2) taking into account a neighboring order in the dis-
tribution of the inclusions.
Figs. 1 and 2 present a schematic comparison of both the classi-
cal approach (MEF, see Fig. 1) and the new one (see Fig. 2) in the
framework of hypotheses H2b and H3 for the circle inclusions
vk = {x 2 R2j, jxj 6 a} (k = i,q) with the RDF (9.1) (although a gener-
alization to a convex symmetric inclusions containing 0 can also
be presented, see, e.g., Buryachenko and Brun, 2011a). In the clas-
sical approach the effective ﬁeld hrii depends only on the volume
average of the strain polarization tensor hgiq(x)  hgiq = const.
(x 2 vq, marked by a homogeneous shadow, see Fig. 1) inside the
moving inclusions vq with the centers xq distributed in the ellipsoi-
dal excluded volume v0i  v i  v i ¼ 2v i, where the left-hand side
of the last equality is the Minkowski sum and the right-hand side
the enlargement by a factor of 2, and all estimations by the MEF are
invariant with respect to the size of v0i . In the new approach the
effective ﬁeld hriiðxÞ in the area x 2 vi occupied by the matrix
material (see Fig. 2) is generated by the moving heterogeneities
vq (see Eqs. (5.15) and (5.16)) with the inhomogeneous strain
polarization tensor hgiq(y) (y 2 vq, marked by inhomogeneous sha-
dow). Furthermore, the domain of this long-range action is limited
not only by xq 2 v0i , but by a domain v/i for location of inclusion
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Fig. 3. Normalized bulk moduli k⁄/k(0) estimated by the use of the new method (1),
MEFM (2), and Mori–Tanaka approach (3).
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Fig. 4. Normalized shear moduli l⁄/l(0) estimated by the use of the new method
(1), MEFM (2), and Mori–Tanaka approach (3).
Fig. 2. Schematic representation of the new approach.
Fig. 1. Schematic representation of the MEF.
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of inﬂuence onM⁄), and, an effect zone of stress perturbations pro-
duced by the heterogeneity vq is limited by the Minkowski addition
of domains x 2 viq  v/i  vq (see Fig. 2) rather than by the domain
vq as in the MEF. Because of this, the estimations of effective mod-
uli by the new approach in general depend on the size of excluded
volume v0i . However, the new approach (5.15) and (5.16) is re-
duced to the classical one in the framework of the hypothesis H1
when the homogeneity of the strain polarization tensor
hgiq(x)  hgiq = const. (x 2 vq) is assumed.
We begin our numerical analysis from the evaluations of effec-
tive elastic moduli L ¼ 2k½2N1 þ 2l½2N2ðN1 ¼ d d=2; N2 ¼
IN1Þ for the RDF (9.2). For the ﬁber composites it is the plane-
strain bulk modulus kð0Þ½2 (and k

½2) – instead of the 3-D bulk modu-
lus kð0Þ½3 – that plays the signiﬁcant role: k
ð0Þ
½2 ¼ kð0Þ½3 þ lð0Þ½3 =3;lð0Þ½2 ¼
lð0Þ½3 . The normalized bulk and shear moduli k
⁄/k(0) and l⁄/l(0) are
presented in Figs. 3 and 4, respectively, for both the classical ap-
proach [corresponding to the initial approximation obtained by
both the two particles (the curves 2) and one particle (the curves
3) MEFM] and new one [corresponding to the 8th iteration (5.11)
and (5.13), the curves 1]. As can be seen, the distinctions between
the curves 1 and 2 equal 6.4% and 10.2% at c = 0.70 for l⁄/l(0) and
k⁄/k(0), respectively. In so doing, the curves 2 and 3 can differ on
16% and 81 % for the bulk and shear moduli, respectively. Thus,
even in the framework of the hypothesis H1 (initial approxima-
tion), the two-particle approximation of the MEFM (curves 2) leads
to signiﬁcant correction of L⁄ estimated by the one-particle
approximation of the MEFM (which is equivalent to the Mori–
Tanaka approach in the considered case, curves 3). In so doing,the use of the advanced new approach (curves 1) leads to mere
small corrections of L⁄ with respect to the estimation obtained
by the two-particle approximation of the MEFM.
However, Buryachenko (2010c) demonstrated that stress con-
centrator factors are signiﬁcantly more sensitive values to the
choice of the approach than effective elastic moduli. Now we will
estimate the means of stress concentrator factors (b  0)
hriiðxÞ ¼ BðxÞhri; ð9:3Þ
1680 V.A. Buryachenko / International Journal of Solids and Structures 48 (2011) 1665–1687deﬁned analogously to Eq. (5.11). For the sake of deﬁniteness, the
composite plate is loaded by the tension along the axis Ox:
hriji = di1dj1. Then the stress concentrator factor Bkl11ðxÞ deﬁnes the
stress distribution inside the heterogeneity vi hrkliiðxÞ ¼ Bkl11
ðxÞhr11ii that allows one to deﬁne a normalized stress concentrator
factor hrnorkl iiðxÞ  Bkl11ðxÞ=jBMEFMkl11 j (no sum on k,l) where BMEFM⁄ is
the initial stress concentrator factor estimated by the classical
version of the MEFM hrii(x) = BMEFM⁄hrii (5.26).
In Fig. 5 the components hrnor22 iiðxÞ demonstrating maximum
dependence on x = (x1,0)> (curves 1, 2, and 3) and x = (0,x2)>
(curves 4, 5, and 6) are presented at c = 0.60 for the initial
hrnor½022 iiðxÞ  1 (curve 0), ﬁrst hrnor½122 iiðxÞ (curves 1, 4), second
hrnor½222 iiðxÞ (curves 2, 5), and third hrnor½322 iiðxÞ (curves 3, 6) itera-
tions of normalized stress concentrator factor. A fast convergence
of the proposed iteration method is detected: the third iteration
hrnor½322 iið0Þ differs from the second hrnor½222 iið0Þ, fourth, ﬁfth, and
eights by 11.1%, 5.8%, 5.3%, 5.4%, respectively, while the difference
between the eighth iteration and the seventh, sixth, ﬁfth iterations
equal 0.015%, 0.51%, and 0.027%, respectively. It should be men-
tioned that hrnor½822 iið0Þ differs from the initial approximation
hrnor½022 ii  1 by a factor 1.97 while hrnor½822 iiðxÞðx ¼ ð1;0Þ>Þ and
hrnor½022 ii  1 distinguish from one another by a sign. Nevertheless,
the volume average hrnor½822 ii ¼ 0:9909 is distinguished from
hrnor½022 ii  1 by nothing more than 0.9% that explains a small dis-
similarity of effective moduli L⁄ estimated by the new approach
and MEFM (curves 1 and 2, respectively) demonstrated in Figs. 3
and 4.
Such prominent differences of the old and new approaches are
based on the abandonment of the effective ﬁeld hypothesis H1 in
the new approach. We estimated a tensor of effective stress con-
centrator factor
hriðxÞ ¼ BðxÞhri; ðx ¼ ðx1;0Þ>Þ ð9:4Þ
and presented the components of their kth approximations
B½k22 ðxÞðk ¼ 0;1;2;3Þ in Fig. 6. Effective stress concentrator factors
B½k22 ð0Þ equal 0.465, 0.400, 0.421, 0.424, 0.425 at k = 1, 2, 3, 6, 8 that
demonstrates their fast convergence. Normalized effective stress
concentrator factors hrnor½k22 iðxÞ  B½k2211ðxÞ=B½02211 is lowered by aN
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Fig. 5. hrnor½k22 iðx1Þ (curves 1, 2, 3) and hrnor½k22 iðx2Þ (curve 4, 5, 6) vs xj/a (j = 1,2):
curves 0, 1, 2, 3 and 0, 4, 5, 6 for k = 0, 1, 2, 3, respectively.factor 4.1 as the coordinate x1 varies from the ﬁber boundary to
their center, whereas the volume averages hrnor½822 iðiÞ ¼ 0:76 and
hrnor½022 iðiÞ  1 differ from one another by only 24%.
The normalized stress concentrator factors hrnor½k11 iðxÞ for
x = (x1,0)> and x = (0,x2)> are presented in Figs. 7 and 8, respec-
tively at c = 0.0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, and 0.7 (curves 0, 1, 2,
3, 4, 5, 6, and 7, respectively). The most signiﬁcant variation of
hrnor½k11 iðxÞ takes place along the axis Ox2 where hrnor½k11 iðx2Þ varies
on 14% at c = 70%. However, we can observe in Figs. 9 and 10 sig-
niﬁcantly more dramatic situation with the component
hrnor½822 iðxÞ for x = (x1,0)> (Fig. 9) and x = (0,x2)> (Fig. 10), where
at c = 0.70 hrnor½k22 iðx1Þ changes a sign and varies in the range from
0.94 (x1/a = ±1) to 2.34 (x1 = 0). The component hrnor½822 iðx2Þ in a
transversal cross-section varies from 1.23 at x2/a = ±1 till 2.34
at x2 = 0. As can be seen the difference between the curves
hrnor½8kl iðxÞ and hrnor½0kl ii increase with the growing of the concentra-
tion of ﬁbers c and using the advanced proposed method leads to
signiﬁcant reﬁnement of the result obtained at the local level in-
side the ﬁbers. However, the surprising thing is that so much dra-
matic variation of local stresses in the ﬁbers hrnor½822 iðxÞ reﬂects
almost not at all on their conditional volume averages:
hrnor½822 ii ¼ 0:995 and hrnor½022 ii  1:0 (the sign ‘‘’’ is explained
by the deﬁnition hrnorkl iiðxÞ  Bkl11ðxÞ=jBMEFMkl11 j where BMEFM2211 ¼
0:058 in the case being considered).
The interaction effects generating the local stresses produced by
inclusions are highly sensitive to their locations describing by the
RDF. Inﬂuence of both the RDF (9.1) and (9.2) on stress concentra-
tor factors B½k1111ðx2Þ and B½k2211ðx1Þ are presented in Figs. 11 and 12,
respectively, for k = 0,8 and c = 0.7. As can be seen in Fig. 11, the
difference of B½01111 estimated by the use of the RDF (9.1) and (9.2)
equals 4.1% that is compatible with the distinction of B½81111ð0Þ
equals 4.3%. However, a situation is drastically changing with the
replacement of the RDF (9.1) and (9.2) for the components
B½k2211ðx1Þ when the difference between B½02211 evaluated for the
RDF (9.1) and (9.2) equals 8.4% is increasing for 8th iteration till
the distinction 26.2% at x1 = 0 while B
½k
2211ð1Þ differs from one an-
other by a factor 5.7. Thus, the local stress concentrator factors
B⁄[8](x) are signiﬁcantly more sensitive to the choice of the RDF0.
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trator factors B⁄[0].
We begin our numerical analysis of the second moment of
stresses from the evaluations of the stress ﬂuctuations averaged
over the inclusion volume Dr(i)2 (7.7) and estimated by both the
differential method (7.1) and the initial approximation of the inte-
gral equations method (8.11). Both the effective ﬁeld hypothesis
H1 and the classical version of the MEFM are used in both methods
for estimation of the effective compliance M⁄ (5.27), (6.3) and the
averaged effective ﬁelds hrii (5.23), (6.3), respectively. For deﬁnite-ness sake, the composite plate with the structure described by the
RDF (9.2) is loaded by the tension along the axis Ox: hriji = di1dj1.
The initial stress concentrator factor BMEFMi estimated by the
classical version of the MEFM hrii ¼ BMEFMi hri (5.30), (6.3) allows
us to estimate the normalized stress ﬂuctuations DrðiÞklmn 
ðDrðiÞ2klmn=BMEFMijkl11 BMEFMijmn11 Þ1=2 (no sum on k,l,m,n). The components
DrðiÞ1111 and Dr
ðiÞ
2222 as the functions of the volume concentration
of ﬁbers c = pa2n are presented in Figs. 13 and 14, respectively.
Even for the high values c = 0.75 the differences between the
estimations obtained by two different methods (curves 1 and 2)
do not exceed 13% and 10% for the components DrðiÞ2222 and
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will be analyzed later. It should be mentioned that acceptance of
the quasi-crystalline approximation (5.14) automatically neglect-
ing the binary interaction of inclusions leads to a degenerated re-
sult Dr(i)2  0 in the differential method (7.1). In so doing
DrðiÞ2  BiDrðiÞ2B>i –0 in Eq. (8.10); for example DrðiÞ2222 ¼ 4:67
(8.10) at c = 0.75, while DrðiÞ2222 ¼ 5:34 in Eq. (8.13).
We now turn our attention to the analysis of the inhomoge-
neous normalized stress ﬂuctuations DrðiÞklmnðxÞðDrðiÞ2klmnðxÞ=BMEFMijkl11
BMEFMijmn11 Þ1=2 (8.13), (8.15) along the cross-sections x = (x1,0)> andx = (0,x2)>. The components DrðiÞ½k1111ðxÞ and DrðiÞ½k2222ðxÞ of the k’s iter-
ations are presented in Figs. 15 and 16 for k = 1, 2, 3 and c = 0.65. A
fast convergence of the proposed iteration method is detected: the
ﬁfth iteration DrðiÞ½52222ðxÞ differs from the third, second, and ﬁrst iter-
ations by 0.01%, 0.15%, and 1.4%, respectively. As can be seen in
Figs. 13–16, the components DrðiÞ½k2222 and Dr
ðiÞ½k
2222ðxÞ of the averaged
and inhomogeneous stress ﬂuctuations, respectively, far exceed
the components DrðiÞ½k1111 and Dr
ðiÞ½k
1111ðxÞ, respectively, along the
cross-sections x = (x1,0)> and x = (0,x2)>.
The normalized stress ﬂuctuations DrðiÞ½51111ðxÞ along the cross-
sections x = (x1,0)> and x = (0,x2)> are presented in Figs. 17 and
V.A. Buryachenko / International Journal of Solids and Structures 48 (2011) 1665–1687 168318, respectively at c = 0, 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, and 0.7 (curves 1,
2, 3, 4, 5, 6, and 7, respectively). The most signiﬁcant variation of
DrðiÞ½51111ðxÞ takes place along the axis Ox2 where DrðiÞ½51111ðx2Þ varies
on 56% at c = 0.7.
However, we can observe in Figs. 19 and 20 more signiﬁcant
variation of the component DrðiÞ½52222ðxÞ for x = (x1,0)> (Fig. 19) andN
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Fig. 15. DrðiÞ½k1111ðx1Þ (curves 1, 2, 3) and DrðiÞ½k1111ðx2Þ (curves 4, 5, 6) vs x1 and x2,
respectively, k = 1 (1,4), k = 2 (2,5), k = 3 (3,6).
4.
0 
   
   
   
   
   
   
   
   
   
  5
.0
   
   
   
   
   
   
   
   
   
   
6.
0 
N
or
m
al
iz
ed
 st
re
ss
 fl
uc
tu
at
io
ns
4
5,6
2,3
1
1,2,3   4,5,6
Normalized coordinates
-1.0 -0.5  0.50.0 1.0
Fig. 16. DrðiÞ½k2222ðx1Þ (curves 1, 2, 3) and DrðiÞ½k2222ðx2Þ (curves 4, 5, 6) vs x1 and x2,
respectively, for k = 1 (1, 4), k = 2 (2,5), k = 3 (3,6).x = (0,x2)> (Fig. 20), where at c = 0.70 DrðiÞ½52222ðxÞ varies on 79% in
the range from 7.17 (x1/a = ±1,x2 = 0) to 4.02 at the axis x1 = 0. In
light of so much strong inhomogeneity of stress ﬂuctuations
DrðiÞ½5klmnðxÞ, of distinctive interest is a comparison in Figs. 13 and
14 of averaged stress ﬂuctuations DrðiÞ½5klmn (curves 3) with the corre-
sponding values DrðiÞklmn estimated in the framework of the effective
ﬁeld hypothesis H1 by both the differential method (7.1) (curves 2)
and the initial approximation of the integral equations method
(8.11) (curves 1). It can be seen that the maximum deviation be-
tween the curves is reached for the component DrðiÞ2222. However,0.
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Fig. 17. DrðiÞ½51111ðx1Þ vs x1 at c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7 (curves 1, 2, 3, 4, 5, 6, 7).
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Fig. 18. DrðiÞ½51111ðx2Þ vs x2 at c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 07 (curves 1, 2, 3, 4, 5, 6, 7).
2.
0 
   
   
   
   
   
   
   
   
4.
0 
   
   
   
   
   
   
   
   
 6
.0
N
or
m
al
iz
ed
 st
re
ss
 fl
uc
tu
at
io
ns
1
2
3
4
5
6
7
Normalized coordinates
-1.0 -0.5  0.50.0 1.0
Fig. 19. DrðiÞ½52222ðx1Þ vs x1 at c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7 (curves 1, 2, 3, 4, 5, 6, 7).
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Fig. 20. DrðiÞ½52222ðx2Þ vs x2 at c = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7 (curves 1, 2, 3, 4, 5, 6, 7).
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Fig. 21. DrðiÞ½k2222ðxÞ vs x1 (curves 1, 2, 3, 4) and x2 (curve 5) at k = 1(1), 2(2), 3(3),
4(4,5).
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Fig. 22. DrðiÞ½k2222ðx1Þ vs x1 for RDF (9.2) (curves 1, 2) and (9.1) (curves 3, 4) at k = 0
(1,3) and 5 (2,4).
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of integral equations with the use of the hypothesis H1 (8.11) and
without one (8.13), (8.15), respectively, does not exceed 4% at
c = 0.75. Thus, the eventual abandonment of the hypothesis H1
leads to only slight correction of the averaged stress ﬂuctuations
DrðiÞ½5klmn while the local values Dr
ðiÞ½5
2222ðxÞ can vary along the cross-
section of ﬁbers on 79%. So much prominent and systematic differ-
ences of the old (8.11) and new (8.13) approaches are based on the
abandonment from the effective ﬁeld hypothesis H1 in the new ap-
proach. We will estimate the normalized effective stress ﬂuctua-
tions DrðiÞ½kpqrs ðxÞ  ðDrðiÞ2pqrsðxÞ=BMEFMijpq11 BMEFMijrs11 Þ1=2, where DrðiÞ2ðxÞ is
estimated by Eq. (8.13) while BMEFMi ðxÞ is evaluated by Eq. (5.26)in the framework of the EFH H1. Normalized effective stress ﬂuctu-
ations DrðiÞ½k2222ð0Þ equal 4.607, 4.690, 7.801, 4.702, and 4.702 at k = 1,
2, 3, 4, 7 (see Fig. 21) that demonstrates their fast convergence.
DrðiÞ½42222ðxÞ is lowered on 24% as the coordinate x1 varies from the ﬁ-
ber boundary to their center, whereas the volume averages
DrðiÞ½42222 ¼ 4:23 and DrðiÞ½02222 ¼ 4:05 differ from one another by only
3.6%.
The local stresses generating by the interaction effects of
heterogeneities are highly sensitive to their locations describing
by the RDF. Inﬂuence of both the RDF (9.1) and (9.2) on stress
V.A. Buryachenko / International Journal of Solids and Structures 48 (2011) 1665–1687 1685concentrator factors B⁄(x) was estimated in Figs. 11 and 12 while
their inﬂuences on the normalized stress ﬂuctuations DrðiÞ½52222ðx1Þ
are presented in Fig. 22, for k = 0, 5 and c = 0.7. As can be seen in
Fig. 22, the difference of DrðiÞ½52222ðx1Þ estimated by the use of the
RDF (9.1) and (9.2) equals 25% while the distinction of their aver-
aged values DrðiÞ½52222 does not exceed 19%. Thus, the local stress ﬂuc-
tuations DrðiÞ½5ðxÞ are expectedly more sensitive to the choice of
the RDF than their averaged values DrðiÞ½5.10. Concluding remarks
The updated version of the MEFM proposed provides the calcu-
lation with reasonable accuracy of the effective properties and sta-
tistical average of stresses in the components for a whole range of
parameters. The method appears to be simple enough in both the-
oretical and computational aspects and includes some popular
averaging methods based, in particular, on the hypothesis H1
(see for details Buryachenko, 2007a). The proposed method allows
us to consider composites with any number of different compo-
nents containing inclusions with size distribution, shape, orienta-
tion and properties, coated particles and ﬁbers, cracks, etc.
However, a more detailed consideration of particular problems
mentioned is beyond the scope of the current paper.
More rich in content is a discussion of the main hypotheses as
well as the limitations of the proposed estimations and their pos-
sible generalizations.
The assumption H1 of homogeneity of rðxÞ; ðx 2 v iÞ is a classi-
cal hypothesis of micromechanics (see for references Buryachenko,
2007a) and was accepted in order to make it easier to estimate the
tensors RiðxÞ; FiðxÞ; Ri;jðxÞ; Fi;jðxÞ; R1i;j ðxÞ; F1i;j ðxÞ. In the frame-
work of this assumption, the updated version of the MEFM is
degenerated into the classical MEFM (see the references in Bury-
achenko, 2007a). It was demonstrated that the classical MEFM in-
cludes plurality of popular methods based on the hypothesis H1.
However, exploiting the new background of micromechanics
(2.9) instead of the old one (2.10) allows us to abandon the use
of the central concept of classical micromechanics such as effective
ﬁeld hypothesis H1 as well as their satellite hypothesis H3. If
statistical averages of stresses in the heterogeneities can be consid-
ered as homogeneous ones then the new approach is degenerated
into the classical approach presented in Section 5.4. However such
an assumption is approximately appropriate only for statistically
homogeneous ﬁelds of homogeneous ellipsoidal heterogeneities
subjected to homogeneous boundary conditions and fulﬁlled at
the conditions of quasi-crystallite approximation H2b. If any of
the indicated conditions is broken then an appearing inhomogene-
ity of stress ﬁelds in the inclusions lead to one of two possible
sources of inhomogeneities of the effective ﬁeld which, in turn,
generates an additional inhomogeneity of stress ﬁelds inside
inclusions and so on. Indeed, in the framework of hypothesis
H2b, Buryachenko and Brun (2011a) analyzed the nonellipsoidal
homogeneous hererogeneities, while Buryachenko (2010c) consid-
ered inhomogeneous (e.g. coated) ellipsoidal inclusions. In both
mentioned cases, it was detected inhomogeneity of the effective
ﬁeld (the ﬁrst sort of the effective ﬁeld inhomogeneity) produced
by the fundamentally new renormalizing item T r1i;j ðhrjiÞðxÞ (5.9),
(5.15), (5.16). This new renormalizing item is directly dependent
[in opposite to the classical Eqs. (2.10), (5.36)] on inhomogeneity
of stress ﬁelds inside the heterogeneities that has lead to detection
of fundamentally new effects in micromechanics. For example, the
size of the excluded volume v0i as well as the binary correlation
function u(vq,xqj;vi,xi) will impact the effective ﬁeld even in the
framework of hypothesis H2b. The ﬁrst sort of the effective ﬁeld
inhomogeneity was investigated in the framework of the hypothe-
sis H2b by Buryachenko (2010c) (the hypotheses H1 and H3 werenot accepted), and Buryachenko and Brun (2011a) (the hypotheses
H1a and H3 were not used). In the current paper, one investigated
the second sort of the effective ﬁeld inhomogeneity when the
Hypothesis H3 is satisﬁed but the closing hypothesis H2b is re-
placed by the hypothesis H2a taking into account the binary inter-
action of inclusions that leads to the inhomogeneity of both the
statistical average stresses inside the inclusions and the effective
ﬁelds (violation of the EFH H1) even for statistically homogeneous
composites subjected to the homogeneous remote loading and
containing homogeneous ellipsoidal inclusions.
It was demonstrated that the second statistical moments
hr  rii(x) of stresses vary along a cross-section of ﬁbers on tens
percent while their averaged values hr  rii is only slightly sensi-
tive to the random ﬁber arrangement described by the RDF. The
detected strong inhomogeneity of the second statistical moment
of stresses is of profound importance for the practical applications
concerning all nonlinear phenomena mentioned above and can be
estimated by the method proposed.
The estimated second moment of stresses hr  rii(x) (x 2 vi) al-
lows the representation for the second moment of stresses in the
vicinity of the heterogeneity near the point z 2 vi: hr(n)  r(n)iz
(7.21). The last second moment was used in Section 13 in
Buryachenko (2007a) for evaluation of the effective failure
envelopes of composites reinforced by aligned inﬁnite ﬁbers at
the assumption hr  rii(z) = hr  rii. However, we can see in
Figs. 17–20 that maximums of the different components of stress
ﬂuctuations DrðiÞklmnðxÞ are reached precisely in the vicinity z 2 vi
of the ﬁber interface where the difference between DrðiÞklmnðzÞ and
DrðiÞklmn can archive to tens percent (compare Figs. 14 and 19). This
estimation reﬁnement of the local stress ﬂuctuations DrðiÞklmnðzÞ
with respect to their averaged values DrðiÞklmn has immediate practi-
cal interest at the evaluation of the failure initiation envelope of
the interface in the composite materials.
An alternative analysis method of the failure phenomena pro-
posed by Lipton (2003, 2004) examines the distribution of extreme
values for the stress in the linear elastic regime. The focus here is to
assess the size and location of the region over which the magnitude
of the stress (or equivalent positive-deﬁnite function of stress req)
exceeds a nominal value t. The stress distribution function ki(t)
gives the volume of the overstressed zone s(i)  v(i) where req
exceeds the value t > 0. However, the rigorous bounds on ki(t) were
obtained by the use of some statistical moments of stresses
averaged over the volume v(i) rather than the local values of these
moments in each point x 2 v(i). Subdivision of heterogeneities
v ðiÞ ¼ [v ðiÞj allows us to obtain a generalization of the mentioned
results to the case of inhomogeneous statistical moments of stres-
ses inside heterogeneities considered in the current paper. How-
ever, more detailed analysis of the failure phenomena is beyond
the scope of the current paper.
Finally, it should be mentioned about a necessity of verifying of
the new approach. Unfortunately, validating the numerical results
obtained is currently beyond the capabilities of standard experi-
mental techniques based on the measurement of effective elastic
moduli L⁄ because the difference of L⁄ estimated by the new and
Buryachenko’ (2007a) approaches is negligible (see Figs. 3 and 4),
while the local stress concentrator factors can be distinguished
by a sign (see Fig. 12). Therefore, there is an increasing need to pro-
vide very detailed experimental information about the local stress
concentrator factors of numerically investigated materials at the
microscale. The availability of 3D imaging tools such as computed
X-rays tomography and microtomography, confocal optical
microscopy or magnetic resonance imaging, combined with the in-
creased power of nowadays computers allowing to process large
quantities of data at reasonable costs has made it recently possible
to use these opportunities for veriﬁcation of the new approach. So,
the new volumetric digital image correlation (VDIC) relying on the
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within samples requires an ability to reproduce the position of im-
age points with ‘‘high precision’’ because the determination of rel-
ative deformations requires two images for comparison purposes
to extract strain measures. Full-ﬁeld measurements of strains by
VDIC (and by other imaging tools) are potentially well suited to
analyze the speciﬁc mechanical properties of composite materials
(see, e.g., Grédiac, 2004; Sutton et al., 2009). However, the men-
tioned opportunities of experimental methods are not yet realized
at the level required for veriﬁcation of the new approach even for
the composites with the constituents described by local constitu-
tive laws considered in the current paper. The case of composites
with nonlocal constitutive laws of components (see Buryachenko,
2011) calls for further investigations. The second direction of a pos-
sible veriﬁcation is a comparison of results obtained by both the
new approach and the computational micromechanics one based
on periodization of random media generated by Monte Carlo
simulation. This direction (analyzed at pp. 335 and 336 in
Buryachenko, 2007a) was not, nevertheless, investigated in detail.
At last, the next opportunity of uncompleted veriﬁcation is a con-
sideration of particular materials for which a solution obtained by
the new approach is exact. So, Buryachenko and Brun (2011b)
deliberately considered a simpliﬁed example of composites with
zero elastic mismatch and nonzero thermoelastic mismatch when
it is not necessary to use one of the closing assumptions (e.g. H2a
or H2b) required at the consideration of composites with elastic
mismatch. It was qualitatively and quantitatively proved [at
M1(x)  0, b1(x)X 0, x 2 Rd] that the classical approach based on
the general asymptotic representation (2.10) and the hypotheses
H1 and H3 can lead to inﬁnite error at the estimation of the
average effective ﬁelds hrii in comparison with exact estimations
of hriiðx 2 v iÞ obtained by the use of the new background (2.9)
without any assumptions.
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Appendix A. The notations
The notations of the Eq. (8.7):
H1ipðxÞ ¼
Z
½Tpðx xpÞS21ip  Tpðx xpÞS21ip uðvp; xpj;v i; xiÞdxp;
H2ipðxÞ ¼
Z
½Tpðx xpÞS22ip  Tpðx xpÞS22ip uðvp;xpj; v i;xiÞdxp;
H3ipðxÞ ¼
Z
½Tpðx xpÞS22ip  Tpðx xpÞS21ip uðvp;xpj; v i;xiÞdxp;
H4ipðxÞ ¼
Z
½Tpðx xpÞS21ip  Tpðx xpÞS22ip uðvp;xpj; v i;xiÞdxp;
P1ipðxÞ ¼
Z
½Tpðx xpÞS22ip  Tpðx xpÞcp þ Tpðx xpÞcp
 Tpðx xpÞS22ip uðvp; xpj;v i; xiÞdxp;
P2ipðxÞ ¼
Z
½Tpðx xpÞS21ip  Tpðx xpÞcp þ Tpðx xpÞcp
 Tpðx xpÞS21ip uðvp; xp j;v i; xiÞdxp;
P3ipðxÞ ¼
Z
½Tpðx xpÞcp  Tpðx xpÞcpuðvp;xp j;v i;xiÞdxp; ðA1Þ
where S21ip ¼ Z21ip Ri; S22ip ¼ Z22ip Rp; cp ¼ Z21ip Fi þ Z22ip Rp, and the volume
averages f  hfðxÞiðiÞ; f ¼ Hkip; Plip
 
; k ¼ 1;2;3;4; l ¼ 1;2;3Þ differ
from the corresponding tensors introduced in Section 13 by
Buryachenko (2007a).The notations of the Eq. (8.12):
H10p ¼
Z
½Tpðx0  xpÞRp  Tpðx0  xpÞRpuðvp;xpj; v0;x0Þdxp;
P10p ¼
Z
½Tpðx0  xpÞRp  Tpðx0  xpÞFp þ Tpðx0  xpÞFp
 Tpðx0  xpÞRpuðvp;xpj; v0;x0Þdxp;
P30p ¼
Z
½Tpðx0  xpÞFp  Tpðx0  xpÞFpuðvp; xpj;v0; x0Þdxp: ðA2ÞReferences
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